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Preface

These notes aim at providing an introductory study of the structure
theory of complex Lie groups. A great portion of this material derives
from a course on the subject which was given at TU Darmstadt,
Germany, during the summer term of 1997.

Complex Lie groups have been used often as auxiliaries in the
study of real Lie groups in such areas as differential geometry and
representation theory. These notes take up the subject as a primary
objective for which the structural aspects of complex Lie groups are
emphasized and explored systematically. Our exposition follows, in
essence, the earlier work of Hochschild and Mostow, who used the
theory of representative functions of Lie groups as an invaluable tool
in the study of Lie groups. Their studies rest, for example, on the
notion of the universal algebraic hull of a Lie group, which is built
on the algebra of the representative functions and which provides an
important linkage between Lie groups and algebraic groups. This
enables us to combine the algebraic group technique with that of the
Lie theory so as to provide an efficient tool for this exposition.

The following is a brief description of each chapter. The first
chapter covers the general, introductory concepts of complex Lie
groups. Chapter 2 contains the theory of representative functions
of Lie groups, which arises from the study of representations of Lie
groups, and we obtain, in Chapter 3, some key results related to the
extension problem of representations, which become essential tools
for the subsequent chapters. Chapter 4 is devoted entirely to the
study of the structure of complex Lie groups, and Chapter 5 deals
with the question of when a complex subgroup of a complex Lie group
carries the structure of an affine algebraic group that is compatible
with its analytic structure. In Chapter 6 we study the observable
subgroups of complex Lie groups, and we describe them in terms
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of their maximal algebraic subgroups. In addition, two appendices
have been added at the end of the book for reference. We assemble,
in Appendix A, some basic concepts and results from the theory of
Lie algebras, while Appendix B carries a brief account of theory of
pro-affine algebraic groups. Throughout the notes the reader’s famil-
iarity with the basic theory of real Lie groups as well as a knowledge
of some elementary results from the theory of affine algebraic groups
are presupposed.

It is a pleasure to thank my colleagues at TU Darmstadt for their
invitation, and I am especially indebted to Karl Hofmann for his help
and encouragement in preparing these notes. I am most grateful to
Ta-Sun Wu for many useful discussions and also for years of collabo-
ration. I would also like to acknowledge support from Case Western
Reserve University, the Deutsche Forschungsgemeinschaft, and the
Global Analysis Research Center of Seoul National University dur-
ing several stages in the preparation of these notes.

May 2001

Dong Hoon Lee
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Chapter 1

Complex Lie Groups

In this chapter the basic notion of complex Lie groups is introduced,
and some of the essential tools that will be used in the remaining
chapters are developed ([2], [8], [22]).

1.1 Analytic Manifolds

Complex Analytic Manifolds We first recall the definition of
an analytic function of n variables. Let U C C" be an open set. A
function f : U — C is called complex analytic (or holomorphic) on U
if, given any (aq,---,ay,) € U, there exist a positive number 7 and a
power series

Z Copyrensn (T1 = @1)™ -+ (T — an)™", Cop s, € C

S1,,8n 20
around (ai,---,a,) such that the series converges absolutely and
uniformly to the sum f(zy,---,z,) for all n-tuples (x1,---,x,) with

|z, —a;l <m, 1<i<n.

Let M be a Hausdorff topological space. By an open chart on M,
we mean a pair (U, ¢), where U is an open subset of M and ¢ is a
homeomorphism of U onto an open subset of C". A complex analytic
structure on M of dimension n is a collection of open charts (U;, ¢;),
i € I, such that the following conditions are satisfied:

(i) M =Uer Us;
(ii) For each pair i,j € I, the map
piop; (U NU;) — @i(U; N ;)
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is complex analytic;

(iii) The collection (U;, i), @ € I, is complete in the sense that it is
a maximal family of open charts for which (i) and (ii) hold.

The collection (U, ;), i € I, satisfying the conditions (i) and
(ii) is called an atlas on M, and its members (U;, ;) are called local
charts. As usual the condition (iii) is not essential in the definition
because an atlas can be extended uniquely to a larger atlas satisfying
all three conditions. Given a local chart (U;, ;) at p, the system of
functions

UL O Piy -+, Un O Py,
where u1,- -, u, denote the coordinate functions of C", is called a
local coordinate system in Uj.

A complex (analytic) manifold of dimension n is a connected
Hausdorff space M together with a complex analytic structure of
dimension n. A C-valued function f defined on an open set W in
a complex manifold M is called complexr analytic on W if, for each
p € W, there is a local chart (U;, ;) at p with U; C W such that
fo cpi_l is complex analytic on ¢;(U;).

Given a complex manifold M, p € M and two functions f and g,
each defined and complex analytic on an open set containing p, we
write f ~ g if f and g coincide in an open neighborhood of p. The
relation ~ defines an equivalence relation among all functions, which
are defined and complex analytic locally at p, and its equivalence
classes are called the germs of complex analytic functions at p . In
the usual way, they form a C-algebra, which we denote by Fas(p), or
simply F(p). For any function f locally complex analytic at a point
p, we denote the germ of f (i.e., the equivalence class containing f)
by fp. A tangent vector to M at p is a differentiation of F(p) into C,
i.e., a C-linear map 7 : F(p) — C such that

7(fpgp) = T(fp)g(®) + f(P)7(gp)

for fp,gp € F(p). The tangent vectors to M at p form a complex
linear space, called the tangent space to M at p, and we denote it by
Tp(M).

From here on the germ f, of a function f at p will be written
simply f, unless there is confusion in doing so. Thus, for example,
the differentiation condition above will be stated as

7(fg) = 7(f)g(p) + f(p)7(9)
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for f, g € F(p).

Let M and M’ be complex analytic manifolds. A map ¢ from M
into M’ is said to be complex analytic at p € M if, for every local
chart (U;, ;) of M at p and every local chart (V},1;) of M’ at ¢(p)
such that ¢(U;) C Vj, the map

Piopowr:pi(Ui) — ;(V;)

is complex analytic, or equivalently, if the map f o ¢ is complex
analytic at p whenever f is a complex analytic function at ¢(p). The
map ¢ is called complex analytic if it is so at each point of M.

Suppose ¢ : M — N is complex analytic at p € M. For each
7€ Tp(M), fr1(fo@): F(¢p(p)) — C defines a tangent vector 7’
of N at ¢(p), and

T 7 T(M) — Typy(N)
defines a C-linear map. This map is called the differential of ¢ at p,

and we denote it by d¢,, or simply d¢ whenever p is understood.

Product Manifolds Let M and N be a product of two complex
analytic manifolds of dimension m and n, respectively, and suppose
that M and N are equipped with atlases U = {(U;,¢;) : i € I} and
V = {(Vj,1;) : j € J}, respectively. For each pair (7,7), the map

@i X ;U x V; = C" x C" =C™™"

is a homeomorphism of the open set U; x V; of M x N onto an open
set of C"™ and the product space M x N may be given the unique
complex analytic structure of dimension m +n for which all the pairs

(UZ X ‘/}7 @i X %), (27]) elxJ

are local charts. We call this the product of the complex manifolds
M and N. Thus a C-valued function f, defined on an open set W
of M x N, is complex analytic if, for each (p,q) € W, there are
local charts (U, ), (V,¢) of M, N at p, gq, respectively, such that
U xV C W and that

Folexw)™ i pU) x $(V) = U x V —C
is complex analytic.
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For any fixed point (p,q) € M x N, define the maps
a:M—->MxN; B:N—->MxN
by a(x) = (z,q), x € M and B(y) = (p,y), y € N. Then the map
(0,7) = dap(0) + dBy(7) : Ty(M) & Ty(N) — Ty (M x N)

is a C-linear isomorphism. We shall often identify both spaces by
means of this isomorphism.

Below we shall briefly review the tangent vectors and the tangent
space of differentiable manifolds.

Let M be a differentiable or a real analytic manifold, and let
p € M. For the subsequent use, we briefly describe a basis for the
tangent space T),(M) of M at p using a local coordinate system. Let
F(p) denote the R-algebra of (the germs of) real analytic functions
at p. T,(M) is, by definition, the R-linear space consisting of all

differentiations of F(p) into R. Let z1,---,z, be a local coordinate
system on a local chart (U;, ¢;) at p. For 1 < j <n, let
0
— ) F R
(Gt F) =
denote the map
A(fow )

Then
0 0

(8—«T1)p7 B a—mn)p

form a basis for T),(M).

Now we return to a complex analytic manifold M of dimension
n with a complete atlas (U;,¢;), @ € I. For p € M, choose a local
chart (U;, ;) at p, and let z1,-- -, 2z, be a local coordinate system on
U, so that

ei(q) = (21(q),- -+ 2n(q))

for ¢ € U;. We write each complex-valued function z; in the form
T + \/—_1yj where z; and y; are real-valued functions. The map
¢l 1 U; — R?" given by

0i(q) = (z1(q), - - -, 20 (@), y1(q)s - - -, yn(q))
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is a homeomorphism of U; onto an open subset R?". The collection
of open charts {U;,¢}),i € I} on M turns M into a real analytic
manifold, which is denoted by Mpg. This real analytic structure on
M is said to be underlying the complex analytic structure above.
The 2n vectors

0 0 0 0
(8—‘731)”"”’(6—%)”’ (a—yl)pv"'v(a—yn)p

form a basis for T),(Mg).

Tangent Vectors of Complex Manifolds Let M be a complex
analytic manifold. We examine the relationship between complez
tangent vectors in 7),(M) and real tangent vectors in T),(Mg). Let
F(p) (resp. Fr(p)) denote the C-algebra (resp. R-algebra) of the
germs of all complex analytic functions (resp. real analytic functions)
at p. Then the complexification C @r Fr(p) of Fr(p) is a C-algebra
that contains F(p) as a subalgebra. We would like to extend each
7 € T,(M) to a differentiation

7 C @r Fr(p) — C.

In order to achieve this, we choose an open neighborhood U of p and
a local coordinate system z1,---,2, on U. Write each z; in the form

x; ++/—1y; as before.
For 7 € T,,(M), we define

™ Fr(p) > R
as follows. First set
Pay) = 5(r(a) + ()
) = 500 - T),

and then define
0
ZJ: (z)( 8% +ZT m) ay) (1.1.1)

Noting that 7/(z;), 7'(y;) € R, we see that 7" is a differentiation,
ie., 7 € Ty(Mg), and 7’ in turn has a canonical extension to a
differentiation (denoted also by 7’) of the C-algebra C ®g Fr(p):

T'=I®7:Cer Fr(p) — C.

©2002 CRC PressLLC



If we put

0 1, 0 0
o~ 26 Y ey
0 1, 0 0
o7 - 2 ey

then we may express 7/ as

7= S )G+ YT G

J J

Note that the conditions g—gj = 0 are exactly the Cauchy-Riemann

equations. Thus the complex tangent vectors ( %)p form a basis for
T,(M), and on the subalgebra F(p) of C ®r Fr(p), we have

=) = S rl) o (11.2)

J

We also deduce the following proposition from the equation (1.1.1).

Proposition 1.1 Let M be a complex analytic manifold, and let
p € M. The map T — 7' defines an R-linear isomorphism between
Tp(M) and T,(Mr). ]

This proposition enables us to adopt the following convention.
Whenever we view a complex analytic manifold M as a real analytic
manifold (i.e., M = Mpg), then we regard T),(M) as the tangent space
of the real analytic manifold M.

Complex Analytic Vector Fields Let M be a complex analytic
manifold. A wector field X on M is a rule which assigns to each
point p of M a tangent vector X, € T,(M). Let U be an open
subset of M, and let f: U — C be a complex analytic function. For
p e U, we put X f(p) = X,(fp). Then p— X f(p) defines a function
Xf:U — C. A vector field X is called complex analytic if, for each
complex analytic function f (on some open subset U), the function
X f is also complex analytic on U.
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If U is an open subset of M on which there is a local coordinate

system zq,-- -, zn, then for each 1 < j < n, we obtain a complex
analytic vector field 57—, given by
0
— (—
p (82] )p

on U. Thus any vector field X on U may be written in the form

Zf] 5 (1.1.3)

where f;, 1 < j < n, are functions defined on U. The functions
f; are called the components of X with respect to the coordinate
system 21, - -, z,. If X is complex analytic, then the functions f; are
all complex analytic on U because f; = Xz;. Conversely, if fi,---, fy
are complex analytic on U, then clearly X = > j fjaizj is a complex
analytic vector field on U.

For two vector fields X and Y on M, we define a vector field
[X,Y] on M by

[X,)Y]=XoY —-YoX,

that is,

(X, Y]p(f) = (XY ) =Y(X]))(p), pe M, feFp).

That [X,Y] is indeed a vector field (i.e., [X,Y], € T,(M) for all p)
is straightforward to verify. If X and Y are complex analytic, so is
[X,Y]. In fact, let p € M, and let U be an open neighborhood of
p with a local coordinate system z1,---, 2, at p. If h is a complex
analytic function on U, then, using (1.1.3), we may express Xh and

Yh on U by
oh oh
Xh = ija—zj; Yh= Zgja—Z’
J J

where the f; and g; are all defined and complex analytic on U. Then
an easy computation shows that
Oh
X, Y|h = kj—
[ ) ] zj: ]8ZJ
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where k; is given by

of; 0g;
ki=) (9 82:5 — Ji 82;)-

7

Since the functions f;, g; are all complex analytic on U, so are the
functions k;, proving that [X,Y]h is complex analytic on U.

Let I'(M) be the set of all complex analytic vector fields on M.
Clearly I'(M) is a complex linear space under the usual addition and
scalar multiplication. Moreover, for X, Y € I'(M), we have shown
above that [X,Y] € T'(M), and thus we see that I'(M) is a complex
Lie algebra (of infinite dimension).

Almost Complex Structure An almost complex structure on a
differentiable manifold M (of class C*°) is a rule which assigns to
each point p € M an R-linear endomorphism .J,, of the tangent space
T,(M) such that J2 = —1I for each p € M. A differentiable manifold
with a fixed almost complex structure is called an almost complex
manifold.

As a simple example of an almost complex manifold, we consider
M = R?, viewed as a differentiable manifold with coordinate system
(z,y). For each p € M, the R-linear map

‘]P : TP(M) - TP(M)v

given by
(5ot g = ~blgnn +alz o
where a,b € R, defines an almost complex structure on M.

Below we shall show that every complex manifold (when viewed
as a real manifold) admits a canonical almost complex structure. To
that end, we first consider the space C" with the complex coordi-
nates (z1,+,2,) and write z; = z; + v/—1y;, where z;, y; € R.
With respect to the real coordinate system (1, -, Zn, Y1, ,Yn) of
the 2n-dimensional differentiable manifold C”, we get the canonical
almost complex structure J on C™, which is determined by

TG = (Gt TG =~ 17 <. (114
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Lemma 1.2 A differentiable map ¢ of an open subset U of C™ into
C™ s complex analytic if and only if its differential preserves the
canonical almost complex structures on C" and C™, i.e., dpp o J, =
Jpp) 0 dop for allp € U.

Proof. Let (z1, -+, 2,) and (w1, --,w,,) be the natural coordinate
systems in C™ and C™, respectively, and put 2z = zp + v—1lyg,
(1 <k <mn),and wg = up + vV—1vg, (1 < k < m). We express

d(z1,-+,2n) = (w1, -+, wy,) in terms of these real coordinates:
U = uk(xlf")xnvylv"'vyn);
Vg = Uk’(xl)"')xnvylv"'vyn))

1 < k < m, where the functions u; and vy are differentiable. ¢ is
complex analytic if and only if all wy are complex analytic functions
of z1,- -+, zp, and each wy, is a complex analytic function of zq,-- -, z,
if and only if it is a complex analytic function of each variable z; by a
well-known classical theorem of several complex variables. It follows
from the Cauchy-Riemann equations that ¢ is complex analytic if
and only if we have

ou v _
dz;  Oyj
oue o _
8:1/]' 633]-

for1<j<n,1<k<m.
On the other hand, the chain rule provides

0 . 8uk 8’L)k

d¢(87j) B kz::(am] 8uk +Z 8m] c%k (1.1.5)
0 Oug. 0O " Ovp. O

do(—) = —Ey(— Yy (—

¢(ayj) k:1(ayj)(8uk)+k§::1(8yj)(8vk)

for 1 < j < k. It follows from the formulas (1.1.4) and (1.1.5) that
dp o J = Jodg if and only if ¢ is complex analytic. [ |
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Almost Complex Structure on Complex Manifolds Let M
be a complex analytic manifold. We now define an almost complex
structure on M by transferring the almost complex structure on C"
to M by means of charts. Indeed, choose a local chart (U;, ;) at
p € M, and define the R-linear endomorphism

Jpt Ty(M) — Tp(M)

by
Tt =it 0 S, ) 0 dip

where J is the canonical almost complex structure on C". In terms

of the local coordinate system (z1,---,Zpn,y1,---,yn) on U;, JM is
given by
0 0 0 0
JM(==)p) = (5=)p; TM((5—)p) = —(=— 1.1.6

where 1 < 57 < n. To show that the endomorphism Jé\/l is independent
of choice of local charts at p, suppose (Uj,¢;) is another chart at
p. Then the function ¢; o cpi_l is complex analytic, and hence the
differential d(p; o ;') = dp; odyp; ' commutes with J (Lemma 1.2):

Josp) © (dipj 0 dp; ') = (dpj o dp;t) o Joi(p)-
Consequently, we have

di ! 0 Jyy(p) 0 depi = dipj 0 Jy ) © dipj,

proving that Jé\/l is independent of choice of charts. Clearly we have
(J]é\/[)2 = —1I, and we see that the assignment JM : p Jé‘/[ is an
almost complex structure on M. We call JM the canonical almost
complex structure on the complex manifold M.

Remark 1.3 Let J be the canonical almost complex structure J on
a complex analytic manifold M. The effect of J on each tangent
space Tp,(M) is exactly the multiplication by v/—1, i.e.,

Jp(1) = V=17, 7 € T,(M). (1.1.7)

To see this, choose a local coordinate system 2q,---,z, at p; z; =
z; ++/—1yj, and express T as

0
T = ch(a—zj)m
J
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where ¢; € C. If ¢; = a; ++/—1b; with a;, b; € R, the corresponding
real tangent vector 7/ € T,(Mgr) (see Proposition 1.1) under the
identification T),(M) = T,,(Mp) is

0 0
’7'/ — zj:a](a—x])p + zj: b](a—y])p,

and

proving the assertion. [ |

We deduce the following proposition easily from Lemma 1.2.

Proposition 1.4 Let M and M’ be complex manifolds, and let J
and J' be the canonical almost complex structures on M and M’,
respectively. A differentiable map ¢ : M — M’ is complex analytic if
and only if dp o J = J odg, i.e., for each p € M,

dopp o J, = J(;(p) o dpp.

As an immediate consequence of Proposition 1.4, we have

Corollary 1.5 Two complex analytic manifolds, which have the same
underlying differentiable manifold, are identical if the corresponding
almost complex structures coincide. [ |
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1.2 Complex Lie Groups

Complex Lie Groups By a compler analytic group, we mean a
group (GG, which is also a complex analytic manifold, such that the
group multiplication (z,y) — zy : G x G — G and the inversion
z — 71 : G — G are complex analytic. A complex Lie group is
defined to be a topological group G such that the identity component
Gy is open in G and is given the structure of a complex analytic group
and also that the conjugations effected by the elements of G on Gy
are complex analytic automorphisms of Gy. We here note that the
second condition is automatically satisfied if G is connected.

The Lie Algebra of a Lie Group A vector field X on a complex
analytic group G is called left-invariant if it satisfies

ALy (X)) = X

for all a, x € G, where L, : G — G denotes the left translation
r — ax by a.

Lemma 1.6 Any left-invariant vector field X on a complex analytic
group G is complex analytic.

Proof. In view of the left invariance, it is enough to show that X is
analytic at the identity element 1. Choose a neighborhood U of 1 in
G on which there is a local coordinate system zy,---,z,. Thus our
proof amounts to showing that, for 1 < j < n, the components of X

x — Xp(z5)

are complex analytic at 1. Let V be an open neighborhood of 1
such that V2 C U. Since the map (z,y) — z;j(zy) : V. x V — C is
complex analytic on V' x V|, there is a function F'(uq, -, Uy, w1, -, wy),
which is defined and complex analytic on some open neighborhood
of (21(1), -, zn(1), 21(1), -, 2,(1)) in C2" such that

Z](x‘y) = F(zl(l‘)’ t ,zn(x),zl(y), T 7zn(y))
We have

8g(y))
8zk y=b

Xy(2)) = dLy X1(25) = X1(zj0 Le) = Y Xa(2)(
k
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where g(y) = zj 0 Ly(y) = z;(xy), y € V. We have, for each k,

D), - (o

8—wk)(m,1)7

where the indices (x,1) mean that the partial derivative is taken at
the point (z1(z), -, zn(x),21(1), -, 2,(1)) corresponding to (x,1).
Thus we obtain

Xol(z) =) Xl(zk)(aa—i)(ml)’
k

Since, for 1 < k < n, the function = +— (g—qi)(w,l) is complex analytic
at 1 and X(zy) is constant, it follows from the above expression that
x — X;(zj) is complex analytic. ]

The left-invariant analytic vector fields on a complex analytic
group G form a Lie subalgebra of the complex Lie algebra I'(G). We
call it the Lie algebra of G and denote it by £(G). In the case G is
a complex Lie group, the Lie algebra of G refers to the Lie algebra
of the identity component of G, i.e., L(G) = L(Gy).

Theorem 1.7 Let G be a complex analytic group. Then the map
X~ X1: L(G) - Ti(G)

is a C-linear isomorphism. In particular, dimc £(G) = dim G.

Proof. The map is clearly C-linear. If X € £(G) with X; = 0, then
for any x € G, X, = dL,(X;1) = 0, proving that X = 0. Thus the
map is injective. Suppose 7 € T1(G), and define, for any = € G,
the tangent vector X, = dL,(7). The assignment = — X, defines
a left-invariant vector field X on (G, which is complex analytic by
Lemma 1.6, i.e., X € L(G), and X; = 7, proving that the map is
surjective. [ |

Let G and H be complex analytic groups. For a complex analytic
homomorphism ¢ : G — H, the differential d¢; : T1(G) — Ty (H) is
a C-linear map, which, by Theorem 1.7, induces a unique C-linear
map

do : L(G) — L(H)
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so that the diagram

71 (G) T\(H)

den

is commutative, where the vertical maps are the isomorphisms of
Theorem 1.7. We call d¢ the differential of ¢ . It follows immediately
from the left-invariance of X that d¢.(Xs) = (dé(X))gs) for all
X € L(G) and z € G.

Theorem 1.8 If ¢ : G — H is a complex analytic homomorphism,
then its differential d¢ : L(G) — L(H) is a homomorphism of Lie
algebras.

Proof. For X, Y € £(G), we need to show
do[X, Y] = [do(X), dp(Y)].

In light of Theorem 1.7, it is enough to show
(do[X, Y ])1 = [do(X), dp(Y )]s

Let g be a function defined and complex analytic in an open neigh-
borhood V of 1 in H. Then g o ¢ is also analytic on U = ¢~ 1(V),
and, for any Z € L(G), we have

Z(g o ¢) = (dp(Z))(g) o - (1.2.1)
In fact, for all y € U,
Z(god)y) = Zylgo9)
= doy(Zy)(9)

= (do(2))g(y) (9)
= (do(Z)(9)) © ¢(y),

establishing (1.2.1). Applying (1.2.1) to X and Y repeatedly, we get
[X,Y](go¢) = (XoY -YoX)(gog)

= dp(X)(dp(Y)(g)) 0 ¢ — dp(Y)(dp(X)(g)) 0 ¢
= [do(X),do(Y)](g) © ¢
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Now

(do[X,Y](g) = da([X,Y]i)(9)
= [X,Y](goo)(1)
= ([d¢(X),do(Y)](g)) o (1)
= [d¢(X),do(Y)]1(9),

proving (dg[X, Y])1 = [d6(X), do(Y ). "

Adjoint Representation For a complex Lie group G with Lie
algebra g and z € G, we define I, : G — G by I,(y) = zyx~!, y € G.
This is an automorphism of (, and its restriction to the identity
component Gy is an automorphism of the complex analytic group
Go. Let Ad(x) denote the differential d(I,) : g — g. Then Ad(z)
is an automorphism of the complex Lie algebra g, and z — Ad(z)
defines the adjoint representation Adg : G — GL(g,C) of G. If G is
viewed as a real Lie group, Ad is a (real) analytic homomorphism,
and its differential is the adjoint representation ad : £L(G) — gl(g,C).
As we shall see later, Ad is complex analytic.

Just as in the case of real Lie groups, complex Lie groups form a
category in which morphisms are complex analytic homomorphisms,
and G ~ L(G) defines a functor from the category of complex Lie
groups to the category of complex Lie algebras. Although the theory
of real analytic groups carries over to complex analytic groups in
many cases, there are, however, some important differences. For
example, a closed connected subgroup of a complex analytic group
is always real analytic but not necessarily complex analytic, and a
continuous homomorphism from a complex analytic group to another
such may not be complex analytic, even though it is real analytic.
As described in what follows, we shall deal with such differences
by viewing a complex analytic group as a real analytic group with
additional structure.

Complex Structure of Real Analytic Groups Given a finite-
dimensional R-linear space V', an R-linear map J : V — V is called a
complex structure of V if J? = —Iy,. A real linear space V equipped
with a complex structure J can be made into a complex linear space
v by defining the scalar multiplication

(a ++v—1b)v = av + J(bv) for all a,b e R, v € V.
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The space V is called the complex linear space associated with the
complex structure J of V. A complex (Lie algebra) structure of a
real Lie algebra g is a complex structure J on the R-linear space g
satisfying

[u, J(v)] = J([u,v]) VYu,v € g, (1.2.2)

that is, J o ad(u) = ad(u) o J for every u € g, where ad denotes
the adjoint representation of the Lie algebra g. In this case, the
associated complex linear space g can be made into a complex Lie
algebra with the bracket operation inherited from the real Lie algebra
g. In fact, all we need to check is the C-bilinearity of the bracket
operation (u,v) +— [u, v]. Since the bracket operation is already
R-bilinear, it suffices to show

V=T v] = V=Tl 0] = fu, V=10,

Since v/—1u = J(u), u € g, the above follows from (1.2.2). The com-
plex Lie algebra g hence obtained is called the complex Lie algebra
associated with the complex structure J of g.

Let g be a complex Lie algebra. The Lie algebra g, when viewed
as a real Lie algebra by restricting the action of C to R, becomes
a real Lie algebra, which we denote by gr. The map u — /—1u
defines a morphism

J:gr — gr

of real Lie algebras. This is a complex structure of the real Lie
algebra gr in the sense defined above, and the associated complex
Lie algebra is g itself, i.e., gr = g.

Now let G be a complex analytic group with its Lie algebra g. The
group G together with the underlying real analytic structure of the
complex analytic manifold G becomes a real analytic group, which
we denote by Ggr. The tangent space isomorphisms (Proposition 1.1)
at the various points of G are compatible with group translations of
G, and we thus have

Proposition 1.9 Let G be a complex analytic group. There is a
natural isomorphism of real Lie algebras

L(G)r = L(GR)

©2002 CRC PressLLC



Whenever convenient, we identify £(G)r with £(Gr) under the
isomorphism above. Thus Proposition 1.9 states that, when the
complex analytic group G is viewed as a real analytic group (i.e.,
G = Gr), its Lie algebra L£(G) is a real Lie algebra, which is equipped
with a complex structure, namely, the multiplication by v/—1. As we
shall see in the following two theorems, the complex structure on a
complex analytic group and a morphism of complex analytic groups
can be interpreted entirely in terms of almost complex structure on
their underlying real analytic groups.

Theorem 1.10 Let G be a complex analytic group with Lie algebra
g. The canonical almost complex structure on Ggr induces a complex
structure J of the real Lie algebra g = L(GRr), and it coincides with
the natural complex structure on g (i.e., multiplication by \/—1).

Proof. Let J be the canonical almost complex structure on G. For
a € G, the left translation L, :  — ax and the inner automorphism
I, : x — axa~! are both complex analytic, and their differentials
dLq and Ad(a) = dl, therefore commute with J by Proposition 1.4.
Hence, for any X € L£(Gr) = g (i.e., left-invariant vector field X on
GRr), the vector field JX, defined by x — (JX), = J;(X,), is also left
invariant, and hence X +— JX defines an R-linear endomorphism J
of g with J? = —1I. Since Ad(a)oJ = Jo Ad(a) for all a € G, we have
J o ad(X) =ad(X) o J for all X € g. Consequently, J : X — JX
is a complex structure on the real Lie algebra £L(Gr) = g.

For the second assertion, let X € g and let a € G. By Remark
1.3, we have

(JX)a = Ju(Xa) = V-1X, = (V-1X),,
proving JX = /—-1X. [ |

The complex structure on g in Theorem 1.10 is called the complex
structure induced by the almost complex structure J. If ¢ : G — H is
a morphism of complex analytic groups, then, viewed as a morphism
of real analytic groups, its differential commutes with the canonical
almost complex structures of G and H by Proposition 1.4. From this
we easily deduce

Theorem 1.11 Let G and H be complex analytic groups with Lie
algebras g and h,respectively, and let ¢ : G — H be a morphism of
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complex analytic groups. If Jg (resp. Jm) is the complex structure
on g (resp. §) induced by the canonical almost complex structures of
Gr (resp. Hr), then d¢ o Jg = Jp o do.

Now we establish the converse of Theorem 1.10.

Theorem 1.12 Let G be a real analytic group with Lie algebra g,
and assume that g has a_complex structure J. Then there is a unique
complex analytic group G, whose underlying real analytic group is G,
such that the given complex structure J is ezactly the one induced
from the canonical almost complex structure on G. In this case, the
Lie algebra of G is the complex Lie algebra g associated with the
complex structure J on g.

Proof. First we prove the uniqueness. Suppose G is the underlying
real analytic group of two complex analytic groups such that their
canonical almost complex structures induce the same complex struc-
ture J. Then necessarily the two almost complex structures are the
same, and hence by Corollary 1.5, the two complex analytic groups
are identical, proving the uniqueness.

Recall that g is the complex Lie algebra obtained from the real
Lie algebra g by extending the action of the base field R to C via

(a+vV-1b)X =aX +bJ(X), a, beR.

Choose an open neighborhood N of 0 in g (= g) such that the
Campbell-Hausdorff (C-H) multiplication X o Y is defined for all
X, Y € N. We choose N small enough so that the complex ana-
lytic map (X,Y) — X o Y defines a local complex analytic group
structure on N and so that

expg : N — U = expg(N)

is an isomorphism of local (real) analytic groups with its inverse log
defined on U (see Theorem A.26). We transfer the local complex
analytic group structure of N to U by means of expg. It is evident
that the underlying real analytic group structure of the local complex
analytic group structure on U thus obtained coincides with the given
local real analytic group structure on U. Our goal is to extend the
local complex group structure just introduced on U to a complex
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analytic group structure of the entire G. Choose an open symmetric
neighborhood V of 1 so that V2 C U. Since U is a local complex
analytic group, we obtain the following:

(i) The map (z,y) — zy~!:V x V — U is complex analytic;

(ii) Let A be an open subset of V and v € V so that vA C V.
Then L,|4 : A — vA is an isomorphism of complex analytic
manifolds;

(iii) For each # € G, the inner automorphism I, : y — xyz ! is

complex analytic, when restricted to a small neighborhood of
1lin V.

Now we introduce a complex analytic manifold structure on G.
Choose an open symmetric neighborhood W of 1 in G such that
W3 C V. Define ¢ : U — g by ¢(z) = logg (), and for each x € G,
define

¢r W — 73

by ¢.(2) = ¢(xz712), 2 € zW. Each pair (W, ¢,) is an open chart
at x, and the charts (zW,¢;), © € G, define a complex analytic
manifold structure on G. To see this, we must show that the charts
are complex analytically compatible. Suppose W NyW is not empty.
We want to show that

Py o ot (W NyW) — by (W NyW)
is complex analytic. We have =1y, y~'z € W2, and if we put
D = ¢z (zW NyW) = o(W Nz~ 'yW),
then D is an open subset of N = ¢(U). For each d € D, we have
oy o ¢y (d) = oy g (d)),

and
¢y © ¢;1 =¢o (Ly_1z|Wﬂ:c—1yW) o ¢_1
follows. Since L1, |yyng-1,w is complex analytic by (ii), we see that
Oy 0 b 1is complex analytic.
From here on, the space G, equipped with the structure of the
complex analytic manifold just introduced, is denoted by G. From
the construction, it is evident that G is the underlying real analytic
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manifold of G. We also note that the left translation by each element
of G leaves the atlas {(zW, ¢,) : * € G} invariant, and hence we
have:

(iv) For z € G, the left translation L, : G — G is complex analytic.

Now we are ready to show that the complex analytic manifold G is
a complex analytic group by showing that the map n: G x G — G,
given by n(x,y) = zy~!, is complex analytic.

Let (z9,y0) € GxG. We may choose an open neighborhood V' of
1 in V such that yoV’yO_1 C V and that I, : z — yozyo_l is complex
analytic (by (iii)). Let W’ be a symmetric open neighborhood of
1 such that (W’)? C V’, and we show that 7, when restricted to
oW’ x yoW', is complex analytic. Note that, for u,v € W', we have

(wou) (yov) " = (zoyy ) (woluwv ™y ) € moyy 'V,

and 7 hence maps zoW' x yoW' into zoy, V.
We consider the commutative diagram:

W —w oy

xOW’ X y()W/ 477’ moyo_lV

where the vertical maps are translations. Then we have
-1 ~1
NleoW’scyow’ = onyo_l © Iyo o (Mlwrxwr) o (Lzo X Ly0 ).

Since L, v and L;OI X L;OI are both complex analytic by (iv), and
0
since 1|y« w- is complex analytic by (i), it follows that

n: W' x yoW' — moyo_lV

is complex analytic.

It remains to show that J is exactly the complex structure on
g induced from the canonical almost complex analytic structure of
G. Let J' denote the latter. Since G is the underlying real analytic
group of G, we have E(G)R = g by Proposition 1.9, and J'(X) =
vV/—1X, X € g, by Theorem 1.10, proving J = J'. ]
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It is clear from the proof of Theorem 1.12 that the canonical
almost complex structure on G is obtained from the given complex
structure J by transferring J to each tangent space T, (G). With
this observation, we now present the converse of Theorem 1.11.

Theorem 1.13 Let G and H be real analytic groups, and suppose
that the Lie algebras of G and H are given with complexr structures
J and J', respectively. If ¢ : G — H is a morphism of real analytic
groups such that d¢p o J = J o d¢, then ¢ : G — H is complex
analytic.

Proof. Let g and h denote the Lie algebras of G and H, respectively.
Since d¢ : g — h commutes with the given complex structures, it
commutes with the canonical almost complex structures of G and
H, and hence the assertion follows from Proposition 1.4. [ |

Suppose ¢ : G — H is a morphism of real analytic groups, and
assume that ¢ is surjective and that ker(¢) is discrete. Then we have
the Lie algebra isomorphism d¢ : g = b, and any complex structure
on one Lie algebra can be transferred to that of the other by means
of d¢. Hence by Theorem 1.13, we see that H is the underlying real
analytic group of a complex analytic group if and only if G is so,
and, in this case, ¢ is a morphism of complex analytic groups. In
particular we have

Corollary 1.14 (i) The simply connected covering group of a com-
plex analytic group admits the structure of a complex analytic group
so that the covering map is a morphism of complex analytic groups.

(ii) The quotient group of a complex analytic group by a discrete
subgroup admits the structure of a complex analytic group so that the
quotient map is a morphism of complex analytic groups. [ |

An almost complex structure J on a differentiable manifold M is
sometimes called a complex structure, if there is a complex analytic
manifold M , whose underlying differentiable manifold is M, such
that J is induced by the canonical almost complex structure of M.
Using this terminology, Theorem 1.10 and Theorem 1.12 simply state
that a complex structure of a real analytic group G induces a complex
structure on £(G), and, conversely, every complex structure on £(G)
is induced by a complex structure on G.
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Complex Groups as Real Groups with Complex Structure
Up to now, we have established that every complex analytic group
may be viewed as a real analytic group whose Lie algebra has a
complex structure, and conversely, every real analytic group whose
Lie algebra is equipped with a complex structure may be given the
structure of a complex analytic group that is compatible with the
real analytic group structure of G. We may therefore characterize
every complex analytic group as a real analytic group with complex
structure on its Lie algebra.

We next characterize morphisms of complex analytic groups in
terms of real analytic structures and the complex structures on their
Lie algebras. Suppose G and K are complex analytic groups with
Lie algebras g and &, respectively. If ¢ : G — K is a complex
analytic homomorphism, its differential d¢ is a morphism g — € of
complex Lie algebras, and hence we may view ¢ as a real analytic
homomorphism whose differential d¢ commutes with the complex
structures of g and €. Conversely, suppose ¢ : G — K is a morphism
of real analytic groups such that d¢ is C-linear. By Theorem 1.13, ¢
is complex analytic.

We may summarize what has been discussed above as follows.
When complex analytic groups are characterized as real analytic
groups with complex structure on their Lie algebras, morphisms of
complex analytic groups are exactly the morphisms of real analytic
groups whose differentials are C-linear.

Exponential Maps Suppose G is a complex analytic group with
Lie algebra g. We have seen (in Proposition 1.9) that the Lie algebra
of the underlying real analytic group Gy of G may be identified with
the Lie algebra g, viewed as a real Lie algebra. Thus we have the
exponential map of the real analytic group Ggr

expg, : 8 — G,

which is real analytic, and locally invertible at 0.

A complex analytic homomorphism C — G is called a one-
parameter subgroup in G . Noting that the differential operator d%
spans the Lie algebra of the additive group C, each complex ana-
lytic 1-parameter subgroup ¢ in G determines an element X € g,

namely, X = dgb(d%), and, conversely, given any X € g there is a
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unique complex analytic 1-parameter subgroup ¢x : C — G such
that d(;SX(d%) = X. In fact, we first identify the Lie algebra of the
additive group C with C via the isomorphism

d
CHCE.(CHE((C).

We note that, under this identification, the condition d¢ X(dilz) =X
becomes dpx (1) = X. Define the C-linear map o : C — g by
a(c) = cX, ¢ € C, and view it as areal (Lie algebra) homomorphism.
Since the underlying real analytic group Cg of C is simply connected,
there exists a unique real analytic homomorphism

¢X :C—G
such that dgx = a, i.e., px = expg, oa. This shows that
px(c) = expg,(cX), ceC. (1.2.3)

Since o = d¢x is also a morphism of complex Lie algebras, ¢x is
complex analytic, proving that it is the 1-parameter subgroup in G
satisfying dox (1) = X.

We define the exponential map of the complex analytic group G,

expg : g — G,

by
expa(X) = ¢x(1), X € g.

Theorem 1.15 For a complex analytic group G with Lie algebra g,
we have

(i) expg = expgy;
(ii) expg is a complex analytic map of g into G.
Proof. (i) For X € g, we have, using (1.2.3),
expg X = ¢x (1) = expg, (X)),
proving expg = €XPg,-
(ii) Here g is endowed with its natural structure as a complex

analytic manifold which is isomorphic with C"™, where n = dim¢ G.
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Choose an open connected neighborhood V' of 0 in g such that expg,
is invertible, when restricted to V', and let W = exp, (V). Then we
may view

(expg, | VYL w =V

as a local chart of G at 1. Recalling that the (canonical) almost
complex structure on G is obtained by transferring the natural almost
complex structure on C™ by means of charts, we see immediately that
the map expg, commutes with the almost structures on the open
submanifolds V' and W. Thus by Proposition 1.4, expg(= expg,)
is complex analytic in an open neighborhood of 0 in g. To show
that expg is complex analytic at every point in g, let X € g. Then
there is a positive integer m such that m~'X is contained in some
open neighborhood of 0 on which exps is complex analytic. Since
expg X = (expe(m~1X))™, we see that expg; is complex analytic at
X. |

1.3 Examples of Complex Lie Groups

We collect some of the examples of basic nature for later use.

Complex Vector Groups Let C" = C x --- x C (n-copies).
Viewed as an additive group, it is a complex analytic group, and
is the only simply connected abelian complex analytic group of di-
mension n. We call C" (or any group isomorphic with it) simply a
complex vector group (of dimension n). Let z1,-- -, 2z, be the natural
coordinate system on C". Then

o .9
82’1’ ’ 8Zn
form a basis for £(C™). Since [a%i,a%j] = 0 for all 4, j, the Lie

algebra L£(C") is abelian. We often identify £(C") with the abelian
Lie algebra C". In that case, the exponential map for C" is just the
identity map.

Let eq,e9,- -+, €9, be a basis of the R-linear space C™, and let

2n
D= {Zmzez tmy; € Z}
i=1
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Then C"/D is a compact complex analytic group. This is a real
torus, and, surprisingly, this is the only kind of compact complex
analytic group as we shall see in Theorem 1.19 below.

Remark 1.16 Although any two real tori of the same dimension are
isomorphic (as real analytic groups), two compact (abelian) complex
analytic groups of the same dimension may not be isomorphic as
complex groups. To construct such groups, fix an irrational number
a, and let D and D’ be the discrete subgroups of the additive group C
generated by {1,v/—1} and {1, a\/—1}, respectively. Then C/D and
C/D’ are nonisomorphic 1-dimensional compact complex analytic
groups. In fact, any isomorphism between C/D and C/D’ would
induce an isomorphism ¢ : C — C of complex Lie groups such that
¢(D) C D'. Then ¢ is C-linear, and if we write

(1) = m +nav/—1

and

p(V—=1) =p+ qav/-1

for some integers m,n,p, and ¢, then
p+gav—1=¢(vV-1)=vV—-1¢(1) = —na+mv -1

yields p = —na and m = qa. This implies p, ¢, m,n = 0, which is
impossible because ¢ is an isomorphism. [ |

General Linear Lie Group Let GL(n,C) denote the group of all
nonsingular complex n x n matrices. We show that GL(n,C) is a
complex analytic group, and we determine its Lie algebra.

Let M(n,C) denote the complex linear space consisting of all
n X n complex matrices, and for A € M(n,C), let z; ;(A) denote
the (i,7)-entry of A. We endow M (n,C) with the structure of a
complex analytic manifold so that the natural C-linear isomorphism
M(n,C) — C"™ becomes an isomorphism of complex manifolds. The
determinant map det : M(n,C) — C, being a polynomial in the
coordinate functions z; j, is complex analytic, and thus GL(n,C) is
open in M(n,C). We note that the space GL(n,C) is topologically
connected by Theorem 1.17, as we shall discuss below. Now the
connected set GL(n,C) may be viewed as an open submanifold of
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M(n,C) = c. Equipped with this analytic structure, GL(n,C) is
a complex analytic group. In fact, the map

(a,b) — ab™! : GL(n,C) x GL(n,C) — GL(n,C)

is complex analytic, because each x; j(ab™1) is a rational function of
the zp 4(a) and z, 4(b) whose denominator # 0 on GL(n,C).

We determine L£(GL(n,C)). First we let gl(n,C) denote the Lie
algebra of all complex n x n matrices, where the Lie algebra bracket
[ ]is given by

[A,B] = AB — BA, A, B € gl(n,C).

For any X € L(GL(n,C)), we denote by X’ the matrix whose (4, j)-
entry X;; is Xi(2;;). (Recall from §1.1 that, if X is a vector field
on GL(n,C), then X; denotes the corresponding tangent vector to
GL(n,C) at 1.)

The map

X — X": L(GL(n,C)) — gl(n,C)

is clearly a C-linear isomorphism. We now show that this map is an
isomorphism of Lie algebras, i.e.,

[X,Y] = [X,Y'], X, Y € L(GL(n,C)).

First note that, for 1 < i, j <n, Z € L(GL(n,C)) and x € G, we
have

Zjj0 Ly = Z Ti o (%) T 5,
k
and, applying Z; to this, we have

Zr(a:i,j) = de(Zl)(l‘ZJ) = Zl (l‘i,j o Lm) = Z Zl(xlaj)xi,k
k

establishing the formula
Zo(wig) =Y Zi(wpg)win(). (1.3.1)
k=1

Next, applying (1.3.1) to the vector fields X and Y,

(XoY =Y oX)w; = > (Xi(wp)Yi(er,) — X1(zp)Vi(en)zi,
k.l

©2002 CRC PressLLC



and evaluating it at 1, we get
[X7 Y];,j = [X7 Y]l(mi,j)
= (XOY—YOX)l(IEiJ)
= Z(X1 (23,0)Y1 (28 ) — X1(2p,5)Y1(25))

k

= Z(Xz/,kYk,] Y,ka ])
k

— (lel)iJ _ (Y/X,)Z'J'

= (XY,

proving [X,Y] = [X",Y].
If we identify the Lie algebra £L(GL(n,C)) with gl(n,C) using the
isomorphism X +— X', then the exponential map

exp : gl(n,C) — GL(n,C)

coincides with the usual one X — eX, where

X
eX = Zi—!’ X € gl(n,C).
i=0

In fact, for each X € L(GL(n,C)), there is a unique complex analytic
1-parameter subgroup ¢x : C — G such that dqﬁx(d%) = X. Let
2o € C and set xp = ¢x(20). Then X, = (d(bx)to(d%)to, and hence,
for any complex analytic function f at xg, we obtain

d(f o
Xoo() = (12200
In particular, we have
d 3.7 ©
Koy(g) = (A2220%)) (132)

On the other hand, using the formula (1.3.1) applied to the vector
field X, we deduce

:co xl,] Zmzk xO Xk] («TOX )ZJ = (¢X(ZO)X) g (133)
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From (1.3.2) and (1.3.3), it follows that ¢x(z) is a solution of the
differential equation

dF(z)
dz

= F(2)X', F(0) =1.

Since this differential equation is also satisfied by F(z) = ¢*X', we

see that ¢x(z) = e*X’ by the uniqueness of the solution, proving
exp(X) = dx(1) = X',

Let V be an n-dimensional C-linear space, and we denote the
group of all C-linear automorphisms of V' by GL(V,C). Choose a
basis e, ez, -+, e, of V, and define z; j(u) € C for u € GL(V,C) by
the equation

u(e;) = Zmi,j(u)ei.
i=1
Then u — (z; ;(u)) defines an isomorphism
ae : GL(V,C) — GL(n,C).

We provide GL(V,C) with the structure of a complex analytic Lie
group by transferring the Lie group structure of GL(n,C) to GL(V,C)
by means of ae. That this complex Lie group structure on GL(V, C)
is independent of choice of basis of V' may be seen as follows. Suppose
V1,2, -+, Uy is another basis, and let a,, : GL(V,C) — GL(n,C)
be the corresponding isomorphism. If we define § € GL(V,C) by
0(e;) = v;,1 < j <n, then

(1) = () ay(u)on, ()71

Since = — ay(0)za,(0)7! is an automorphism of GL(n,C), the two

bases define the same analytic group structure on GL(V,C).
Finally we note that, for a complex analytic group G with Lie

algebra g, the adjoint representation Ad : G — GL(g,C) is complex

analytic because its differential, the adjoint representation
ad : g — gl(g,C),
is a morphism of complex Lie algebras.
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Decomposition of GL(V,C) Let V be a finite-dimensional linear
space over C, and let <, > be a Hermitian inner product on V. For
x € Endc(V), let «* denote the adjoint of = that is determined by
the condition

< z(u),v >=< u,z*(v) >

for all u,v € V. x € Endc(V) is called Hermitian (resp. unitary) if
x = x* (resp. zz* =1 = z*x). A Hermitian element x € Endc(V)
is called positive definite if < z(u),u > is positive for all nonzero
u € V, or equivalently, if all the eigenvalues of x are positive. Let
S(V) denote the set of all Hermitian elements in Endc(V'), and let
P(V) (resp. U(V)) denote the set of all positive definite Hermitian
elements (resp. the set of all unitary elements) in GL(V,C). Then
S(V) is an R-linear subspace of Endc(V'), and the usual exponential
map

exp : Endc(V) — GL(V,C)

maps S(V') homeomorphically onto P(V'). We note that exp [s(v) is,
in fact, an isomorphism of real analytic manifolds. See [4] (§IV-§V,
Chapter I) for this discussion as well as the proof of the following
decomposition theorem.

Theorem 1.17 Let V' be a finite-dimensional linear space over C
together with a positive definite Hermitian from F on V. Then the
multiplication map

Y :P(V)xUWV)— GL(V,C)
is an isomorphism of real analytic manifolds. [ |

In matrix language, Theorem 1.17 states that the analytic group
GL(n,C) has the decomposition

GL(n,C) ="P(n) x U(n),

where U(n) is the group of all unitary matrices and P(n) denotes
the subset of GL(n,C) consisting of all positive definite Hermitian
matrices. The subset S(n) consisting of all Hermitian matrices forms
an R-linear subspace of M(n,C), and the usual exponential map
exp : M(n,C) — GL(n,C) maps S(n) homeomorphically onto P(n).

The following theorem plays a crucial role in determining topo-
logical properties of some complex linear groups.
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Theorem 1.18 Let F' be a positive definite Hermitian form on a
finite-dimensional linear space V over C and let T be an algebraic
subgroup of GL(V,C). Assume that T is self-adjoint, that is, x* € T
whenever x € T'. Then the multiplication map

Y (TNPV)x(TNnUWV)) —-T
is a homeomorphism. [ |

Proof. In light of Theorem 1.17, it is enough to show that ¢ is a
bijection.

(A). We first show: If x € S(V) with exp(z) € T, then expCx C T.
Since T is algebraic, it is sufficient to show that P(exp Cz) = 0 for
every polynomial function P on Endc (V') which vanishes on T'. With
respect to a suitably chosen basis of V', the Hermitian element x is
represented by a diagonal matrix. Thus we may assume that x itself
is a diagonal matrix, say

x = diag(ay,- -, ap)
with each a; € C. Then exp(tx), t € C, is given by

tay
L, e

exp(tzr) = diag(e tan),

We show: P(exp(tz)) = 0. Suppose P(exp(tz)) # 0 for some t € C,
and write P(exp(tz)) as

P(exp(tz)) = Z bie'“,

where the b; are all nonzero complex numbers and the ¢; are all
distinct. Now we put s = exp(x/2). Then s = exp(z) € T, and
hence exp(kz) = s** € T, k = 0,1,2, - --. Therefore we have

0 = P(s?*) = P(exp(kx)) Z biekei,

for all k. Letting e“ = d;, 1 < i < g, we see that by,---,b, is a
solution of the system of equations

q
Y dai=0,1<j<q (1.3.4)
i=1
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On the other hand, since the d; are all distinct, det(dg ) # 0, and
hence the system (1.3.4) has the unique solution z; = 0,---,x, = 0.
Thus b = 0,---,b, = 0, a contradiction, and this completes the
proof of (A).

(B). (A) shows, in particular, that every element in 7NS(V) ison a 1-
parameter subgroup entirely lying on 7'N S(V'), and hence T'N S(V)
is connected. Now take z € T', and write z = su with s € P(V) and
u € U(V) (Theorem 1.17). Then s? = 2z* € T NS(V), and this
implies s? = exp(z) for some z € S(V). s = exp(x/2) € TNS(V)
by (A), and u = s7'z € TN U(V). This proves that v is surjective,
and it is, in fact, bijective by Theorem 1.17. [ |

Complex Tori Let C* denote the multiplicative group of nonzero
complex numbers. Thus GL(1,C) = C*, and C* becomes a complex
analytic group with the analytic structure being that of an open
submanifold of C, and £(C*) = gl(1,C) = C*. For any integer
m > 1, the product

(C)Y"=C* x -+ x C* (m times)

is called a complex torus. This is a complex analytic group with Lie
algebra C™. Let D(n,C) denote the subgroup of GL(n,C) consist-
ing of all invertible diagonal matrices. Then D(n,C) = (C*)", and
L(D(n,C)) =09(n,C), the Lie subalgebra of gl(n,C) consisting of all
diagonal matrices.

Theorem 1.19 Every compact complex analytic group G is abelian,
and hence is a (real) torus.

Proof. We first note that a complex analytic function on a compact
manifold must be a constant (see [3], VI.4.4, p. 192). The adjoint
representation Ad : G — GL(L(G),C), being a complex analytic
map, is therefore constant. This shows that Ad(G) = 0, and G is
abelian. For the second assertion, the universal covering group of G
is isomorphic with C", where n = dim¢(G), and hence G = C"/D,
where D is some discrete subgroup of C". [ |

Remark 1.20 It is well known that a real torus admits a faithful
linear representation. However as we shall see later (Corollary 4.5),
a nontrivial compact complex analytic group never admits a faithful
complex analytic linear representation. [ |
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Some Complex Linear Lie Groups Let det : GL(n,C) — C*
denote the determinant map, and let Tr : gl(n,C) — C denote the
trace map.

Lemma 1.21 (i) det(e*) = e7"®), u € gl(n, C);
(ii) d(det) =T'r.

Proof. If uis an upper triangular matrix, then so is %, and hence the
assertion (i) follows. Otherwise, u is similar to an upper triangular
matrix, i.e., there exist z € GL(n,C) and a triangular matrix a such
that u = zaz~!. Then

det(e") = det era = det(ze®z™1) = det(e?)
eTr(a) — eTr(:cax’l) _ eTr(u)’

proving (i).
To prove (ii), let u € gl(n,C). Then

ddet)(u) = d(de)(2 [.g) = AU,
dezTr(u)
= —— |,=0=Tr(u).

dz
[ |

Below we list some of the basic complex linear Lie subgroups of
GL(n,C).

(a) The subgroup T'(n,C) of GL(n,C) that consists of all upper
triangular matrices is a complex analytic subgroup of GL(n,C), and
L(T(n,C)) = t(n,C), the complex Lie subalgebra of gl(n,C) of all
upper triangular matrices.

(b) The subgroup U(n,C) of GL(n,C) of all upper triangular
matrices with all diagonal entries 1 is a complex analytic subgroup
of GL(n,C), and £L(U(n,C)) = n(n,C), the complex subalgebra of
gl(n, C) of all strictly upper triangular matrices. U(n, C) is nilpotent
and the exponential map exp : n(n,C) — U(n,C) is given by

n—1 ;
X
X — eX = E TR
2.

=0

and is an isomorphism of complex analytic manifolds. Hence U(n, C)
is, in particular, simply connected.
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(c) Let SL(n,C) denote the subgroup of GL(n,C) that consists
of all matrices x with det(x) = 1. This is a closed subgroup of
GL(n,C), known as the special linear group, and is topologically
connected. Indeed, SL(n, ) is a self-adjoint algebraic subgroup of
GL(n,€), and hence by Theorem 1.18, every u € SL(n,C) can be
written uniquely as u = kp, where k € SU(n) and p is a positive
definite Hermitian matrix with det(p) = 1, and this decomposition
provides a homeomorphism

SL(n,C) = SU(n) x R" 1,

proving, in particular, that SL(n,C) is connected.

Now SL(n,C) is a complex Lie subgroup of GL(n,C). To see this,
it is enough to observe that the Lie algebra of SL(n, €) is the complex
subalgebra sl(n,C), which consists of all matrices u € gl(n,C) with
Tr(u) =0. In fact, SL(n,C) = ker(det) shows that it is a closed real
analytic subgroup of GL(n,C), and, using Lemma 1.21, we obtain

L(SL(n,C)) = L(ker(det)) = ker(ddet) = ker(Tr) = sl(n,C).

Normalizer and Centralizer For a subgroup H of a group G,
the normalizer Ng(H) of H in G,

Ng(H) ={g € G:gHg ! =H},

is a subgroup of G. Suppose now that GG is a complex analytic group
with Lie algebra g. If M is a complex linear subspace of g, then

Na(M) ={g € G : Ad(g)(M) c M}

is a real Lie subgroup as a closed subgroup of GG. The Lie algebra of
N¢g(M) is easily seen to be

Na(M) = {u € g ad(u)(M) C M},

which is a complex Lie subalgebra of g, and Ng(M) is therefore a
complex Lie subgroup of G.

Proposition 1.22 If H is a complex analytic subgroup of a complex
analytic group G, then Ng(H) is a closed complex Lie subgroup of
G.
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Proof. Let g = £(G), and h = L(H). Then Ng(H) = Ng(h), and
the assertion follows from the above discussion. [ |

Now we study the centralizer of a subset of a complex Lie group.
We begin with the following general result.

Proposition 1.23 Let G be a complex Lie group G, and suppose G
acts complex analytically on a complex analytic manifold M under
the action

(gy) —g-y:Gx M — M.

Then the stabilizer subgroup at any x € M,
Ge={9€G:g z=u},
is a closed complex Lie subgroup of G.
Proof. Clearly GG, is closed in GG, and hence is a real Lie subgroup

of G. Therefore it is enough to show that its Lie algebra £(G;) is a
complex linear space. Let u € L(G,). Then we have

exptu € G, VteR. (1.3.5)

Choose a local chart (U, ¢) at = in M so that ¢(x) = (0,---,0) € C",
n = dim(M), and consider the function

f(e) = ¢((exp cu) - ),

which is defined and complex analytic in a neighborhood of 0 in C
with values in C". Then f(t) = 0 for all real t by (1.3.5). Since the
set of zeros of any nonzero complex analytic function on a connected
open set in C is discrete (see, e.g., [3], Prop. 4.1., p. 41), we see
that f(c) = 0 for all complex numbers ¢ with |c| small. This implies
cu € L(Gy) for all ¢ € C, proving that £(G,) is a C-linear space. B

A complex analytic group G acts on itself by conjugation, and
hence by Proposition 1.23, the centralizer G, of x € G is a closed
complex analytic subgroup. As an immediate consequence, we have

Proposition 1.24 If X is a subset of a complex analytic group G,
then the centralizer of X in G,

Zo(X) ={u e G :uru™ =z Vo € X},

is a closed complex Lie subgroup of G. In particular, the center of G
s a closed complex Lie subgroup. [ |
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1.4 The Automorphism Group

Automorphisms and Derivations Let g be a finite-dimensional
Lie algebra over a field F. The (Lie algebra) automorphisms of g
form a subgroup of the general linear group GL(g,F). We denote this
subgroup by Aut(g). In the case F = R, Aut(g) is a Lie subgroup of
GL(g,R), and its Lie algebra is Der(g) ([4], Proposition 1, p. 137).
On the other hand, if g is a complex Lie algebra, Aut(g) is a closed
subgroup of GL(g,C), and in fact we have

Aut(g) = Aut(gr) N GL(g,C).

Proposition 1.25 For a finite-dimensional complex Lie algebra g,
Aut(g) is a complex Lie group, and its Lie algebra is Der(g).

Proof. As before, gr denotes the underlying real Lie algebra of g.
Then L(Aut(gr)) = Der(gr). Aut(g) is a real Lie group as a closed
subgroup of GL(g,C), and we have Aut(g) = Aut(gr) N GL(g,C).
The proof of the first assertion of the proposition amounts to showing
that the Lie algebra L£(Aut(g)) of Aut(g) is a complex Lie subalgebra
of gl(g,C). Thus the first assertion follows as soon as we have shown
the second assertion: L£(Aut(g)) = Der(g). We first show

L(Aut(g)) C Der(g).

Since Der(g) = Der(gr) N gl(g,C) and L(Aut(g)) is a subalgebra
of the real Lie algebra L(Aut(gr)) = Der(gr), it is enough to show
that every element of £L(Aut(g)) is C-linear. For § € L(Aut(g)) and
t € R, we have

e € Aut(g).

Thus e’ : g — g is C-linear. For any X € g and ¢ € C, we then have
eP(cX) = ce(X), t € R,

and differentiating both sides of the above equation with respect to
t at 0, we obtain
d(cX) = cd(X).

This proves that § is C-linear.
We next show Der(g) C L(Aut(g)). Let § € Der(g), and let
t € R . From the inclusion

Der(g) C Der(gr) = L(Aut(gr)),
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it follows
© e Aut(gr). (1.4.1)

On the other hand,
5 € Der(g) < gl(g,C) = £(GL(g,C))

implies
® e GL(g,C). (1.4.2)

Thus (1.4.1) and (1.4.2) yield
© ¢ Aut(gr) N GL(g,C) = Aut(g),

and 6 € L(Aut(g)) follows. This shows Der(g) C L(Aut(g)), and we
have proved Der(g) = L(Aut(g)). ]

Automorphism Groups Given a complex analytic group G, let
Aut(G) denote the group of all (complex analytic) automorphisms
of G. We want to introduce the structure of a Lie group on Aut(G).
We first note that the canonical injective homomorphism

o — do: Aut(G) — Aut(g)

is an isomorphism if G is simply connected. Let G be the universal
covering group of G so that G = G /D for some discrete normal sub-
group D of G. Noting that Gisa complex analytic group (Corollary
1.14) and that Aut(g) is a complex Lie group (Proposition 1.25), w
may equip the group Aut(G) with the structure of a complex Lie
group so that the natural isomorphism

Aut(G) — Aut(g)

becomes an isomorphism of complex Lie groups. On the other hand,
the group Aut(G) may be viewed as the closed subgroup of Aut(G)
consisting of all @ € Aut(G) such that a(D) C D. In particular,
Aut(@) is a real Lie subgroup of the complex Lie group Aut(G).
The canonical map

Aut(G) x G — G

is continuous, when the groups are viewed as real Lie groups. We
retain the notation introduced above to prove the following:

Proposition 1.26 Aut(G) is a complex Lie subgroup of Aut(é).
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Proof. The natural action of Aut(é) on G is complex analytic, and
hence by Proposition 1.23, the stabilizer subgroup at any z € G,

A, ={a € Aut(G) : a(z) = z},

is a closed complex Lie subgroup of Aut(G). Let Auty(G) denote the
identity component of Aut(G). The natural action Aut(G) x G — G
maps the set Auto(G) x D into D. Since D is discrete, the action
maps Auto(G) x {z} into {z}, i.e., Auto(G) C A, for each z € D.
Consequently we have

Auto(G) C NyepA, C Aut(G)

Thus the complex subgroup N,cp A, is an open subgroup of Aut(G),
and consequently, Aut(G) is a complex Lie group. |

As a closed complex Lie subgroup of GL(g, C), the natural action
of Aut(g) on g is linear, and hence it is complex analytic. We use
this fact to prove

Proposition 1.27 If G is a complex analytic group, then the natural
action

¢ Aut(G) x G — G,

mapping (o, x) to afx), is complex analytic.

Proof. Let G be a complex analytic group with Lie algebra g, and let
G denote the simply connected covering group of G. Then Aut(G)
is a closed complex Lie subgroup of Aut(G) by Proposition 1.26.
Thus our assertion follows as soon as we have shown the assertion
for the simply connected G, and hence we may assume that G itself
is simply connected. Also every neighborhood of the identity element
1 € G generates (G, and ¢ is easily seen to be complex analytic in each
variable separately. Therefore it is enough to show the following: For
a fixed o € Aut(G), ¢ is complex analytic at (ap,1) € Aut(g) X g.
The natural action of Aut(g) on g,

¢ Aut(g) x g — g,

is linear, and hence it is clearly complex analytic. Choose an open
neighborhood B of 0 in g so that exp is invertible on B (i.e., logg
is defined on exp(B)). Let W = exp(B), and let U be an open
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symmetric neighborhood of 1 in G so that W contains both U and
ag(U). Then there exists an open neighborhood A of dag € Aut(g)
such that ¢'(A x logo(U)) C B. If V is the inverse image of A under
the map o — da : Aut(G) — Aut(g), then ¢ : (o, x) — a(zx) is equal
to the composite of the complex analytic maps (o, z) — (da, logg x),
¢' and exps on V' x U. This proves that ¢ is analyticon V x U. R

Semidirect Products Let H and N be complex analytic groups
and let

¢ H — Aut(N)

be a morphism of complex Lie groups. The semidirect product of N
by H, denoted by N x4 H (or simply N x H, if ¢ is well understood)
is the topological group defined on the product manifold N x H, for
which the multiplication is given by

(n1,h1) - (n2, he) = (n1d(h1)(n2), hihs).
By Proposition 1.27, the action of H on N,
(hyn) > 6(h)(n) : H x N — N,
is complex analytic, and it now becomes easy to see that the map
((n1, k1), (n2, he)) = (n1,h1) - (n2, he) ™" = (mag(hy ") (ng "), hihy ')

is complex analytic. Consequently, the semidirect product N x4 H
acquires the structure of a complex analytic group.

To determine the Lie algebra of N x4 H, let n and b be the
Lie algebras of N and H, respectively, and identify Aut(N) with a
closed complex Lie subgroup of the complex Lie group Aut(n) via
the natural injection Aut(N) — Aut(n). Then the differential d¢ is
a Lie algebra homomorphism

d¢ : h — Der(n),
and we may form the semidirect sum n @g4 b (see §A.1). We have

Proposition 1.28 There is a canonical isomorphism of complex Lie
algebras

E(N ><I¢ H) gl’l@dqﬁ h

©2002 CRC PressLLC



Proof. Let m: NxH — H be the projection, and let « : N — N x H
and o : H — N x H denote the canonical injections. Thenmoo = 1g
implies dm o do = 1y, and the map

F:in®ggh— L(N xy H),

sending (a,y) to du(a) + do(7), is easily seen to be an injective C-
linear map, and the comparison of dimension shows that it is an
isomorphism. We show that F' is a morphism of Lie algebras. The
Lie algebra morphism condition

F([(e,7), (8,m)]) = [F(a,7), F(B,n)],
for (o,7), (8,m) € n®gp b, is equivalent to the condition

dv o dg(y) = ad(do(y) odi), v € h. (1.4.3)

Here ad denotes the adjoint representation of L(N x4 H). We now
prove (1.4.3) below. Let exp denote the exponential map for N x4 H.
Then we have

(i) e®X) = Ad(exp X), X € L(N x4 H);
(ii) Ia(y) OtL=10 d)(y), y € H;

(i) ¢ oexpp(y) =), v en,
and, using these identities, we obtain

(tad(dr(0) 6 gy — gy o 490

for all t € R. Expanding and equating the coefficients of ¢ in the
above equation, we get (1.4.3). [ |

1.5 Universal Complexification

We introduce an important construction of a complex analytic group
from a real analytic group, known as the universal complexification.
By a universal complexification of a real analytic group GG, we mean a
pair (GT,7), where GT is a complex analytic group, and v : G —G™
is a morphism of real Lie groups satisfying the following universal
property. For any complex analytic group K and any morphism
u : G — K (of real Lie groups), there exists a unique complex
analytic morphism u™ : Gt — K such that u = u" o~. The pair
(GT,7) is determined by G uniquely up to an isomorphism.
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Construction of Universal Complexification Throughout the
construction of (G, ), we use the following notation. For any finite-
dimensional real or complex Lie algebra g, let S(g) denote the simply
connected real or complex analytic group whose Lie algebra is g.

Let G be a real analytic group with Lie algebra g. There exists
a morphism

h:S(g) — S(C g g) (1.5.1)

of real Lie groups (necessarily a local injection) whose differential is
the canonical injection g — C ®gr g. Let F' denote the kernel of the
universal covering morphism 7 : S(g) — G. For any real analytic
homomorphism u : G — K, where K is a complex analytic group,
the differential du : g — L(K) extends canonically to a complex Lie
algebra morphism C ®r g — L(K), and the latter is the differential
of a morphism u* : S(C ®g g) — K of complex Lie groups. We note
that u* is uniquely determined by u subject to the commutativity of
the diagram:

S(g) —— S(C @ g)

G . e (1.5.2)

Let N be the intersection of all kernels ker(u*), where u ranges
over the real analytic homomorphisms u : G — K (with varying
K). Since L(N) is the intersection of the ideals L(ker(u*)), L(N) is
an ideal of the complex Lie algebra C ®g g, and hence the quotient
group S(C ®g g)/N is a complex analytic group. We denote this
group by G*. From u* o h = wom, it follows that h(F) C ker(u*),
and hence we have h(F) C N. Let v : G — GT be the morphism
that is induced from h by passing to the quotients. We show that
the pair (G™,7) is a universal complexification. For any real analytic
homomorphism v : G — K, where K is a complex analytic group,
u* : S(C®r g) — K maps N to 1, and hence induces a complex
analytic morphism u™ : G* — K such that u* = u™ o m., where
7 : S(C® g) — G denotes the quotient map. We have

+

(utoy)or=utom,oh=u*oh=uom,

and this implies u™ o ¥ = u. Now it remains to show the uniqueness
of u™. Suppose there is a complex analytic morphism v’ : GT — K
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such that v/ oy = u. From « o = ut o, it follows v/ = u™ on
Im(v), and hence du’ = du™ on I'm(dy). Since I'm(y) spans L(G™T)
over C, du’ = du™, and v = u™ follows.

Remark 1.29 For later use, we assemble some additional facts from
the construction of G7.

(i) The image of S(g) under the map h in (1.5.1) is closed in
S(C ® g), and hence the map h : S(g) — h(S(g)) is a covering
morphism of the closed real analytic subgroup h(S(g)) of S(C ® g).

In fact, the complex conjugation of the complexification

X+vV-1Y - X —-vV/-1Y:Crg—-C®g, X, Yeg

is the differential of a real analytic involution € of S(C ® g), and
h(S(g)) is closed as it is the identity component of the subgroup of
S(C ® g) consisting of all fixed points of 6.

(ii) The subgroup h(F') is central in S(C®g). This can be seen as
follows: h maps the discrete (and hence central) subgroup F of S(g)
onto a central subgroup of h(S(g)), and the centralizer Z of h(F)
in S(C ® g) therefore contains h(S(g)). But Z is a closed complex
Lie subgroup of S(C ® g) (Proposition 1.24), and S(C ® g) is the
smallest complex analytic subgroup that contains h(S(g)). Thus
Z = S(C® g), proving the assertion.

(iii) The normal subgroup N that appears in the construction
of GT above is a central subgroup of S(C ® g) and is equal to the
smallest closed complex Lie subgroup that contains h(F). To see
this, let M be the smallest closed complex Lie subgroup of S(C ® g)
that contains h(F'). Then M is central in S(C ® g) by (ii) above,
and is contained in N. We claim M = N by proving N C M. Let
K =S5(Cw®g)/M, and let

t:G=S(g)/F - K=S(C®g)/M

denote the morphism induced by h. As seen in the construction of
G above (see the diagram (1.5.2)), ¢ induces a unique morphism

t":S(C®g) — K
so that we have a commutative diagram
S(g) ——S(C@g)

w{ {t*

G e (1.5.3)
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Since the diagram (1.5.3) remains commutative when ¢* is replaced
by the canonical complex analytic morphism

0:5(C®g) - K=5Cwxg)/M,
the uniqueness of t* yields t* = o, and we have
N C ker(t*) = ker(o) = M.

This proves M = N.

(iv) In general, it is difficult to determine the subgroup N. In
the case where the subgroup h(F) itself is discrete, h(F) is trivially
a complex Lie subgroup, and h(F) = N by (iii). In this case, we
have GT = S(C ® g)/h(F). Shortly, we shall examine some of the
important classes of groups for which A(F') is discrete. |

Below we determine some sufficient conditions for real analytic
groups having injective canonical maps. First, we consider real ana-
lytic groups having continuous faithful representations. For this we
need the following definition.

A real Lie subalgebra gy of a complex Lie algebra g is called a
real form of g, if the canonical map C® gyo — g is an isomorphism of
complex Lie algebras, or equivalently, if gr = go ® v/—1go.

Proposition 1.30 Let G be a real analytic group with Lie algebra g,
and suppose that G admits a finite dimensional faithful continuous
representation. Then the canonical map v : G — G is injective,
and the Lie algebra L(v(G))(= dy(g)) is a real form of LGT). N

Proof. Let n: G — GL(W,R) be a faithful analytic representation
on a finite-dimensional real linear space W. Embedding GL(W,R)
into the general linear group GL(C @ W,C), we may assume that
there is an injective morphism v : G — K, where K is a complex
analytic group. It follows from u = u* o~ and from the injectivity
of u that ~ is an injection.

We also have the commutative diagram (1.5.2), in which wu is
now an injection, and from this we obtain ker(h) C F. By Remark
1.29 (i), the map S(g) — h(S(g)) is a covering morphism of analytic
groups, and hence h(F')(= F/kerh) is a discrete central subgroup
of S(C® g), and G = S(C ® g)/h(F) by Remark 1.29 (iv). If we
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identify £(G") with C® g, then the differential dv : £(G) — L(G™)
is the canonical injection g — C ® g, and hence Im(dy) is a real
form of L(G™T). |

We next consider the universal complexification of solvable an-
alytic groups. We recall that every analytic subgroup of a simply
connected solvable analytic group is closed in G and is simply con-
nected. Using this, we now prove

Proposition 1.31 If G is any real solvable analytic group, then the
canonical map v : G — G is injective.

Proof. Since G is solvable, so are S(g), S(C ® g), and the image
Im(h) of
h:5(g) = S(C®g)

is simply connected as a closed analytic subgroup of the simply con-
nected solvable group S(C ® g). Thus we have an isomorphism
h : S(g) = Im(h), and h(F) is therefore a discrete (hence central)
subgroup of S(C ® g). By Remark 1.29(iv), G* = S(C ® g)/h(F),
and + is injective. [ |

As Proposition 1.31 indicates, the converse of Proposition 1.30
is not valid in general. For a morphism ¢ : H — G of real analytic
groups, it is easy to show that ¢* : Ht — G is surjective if ¢ is so.
However, the injective ¢ does not always give the injective ¢*. Here
is an example.

Example 1.32 Let
o: SL(2,R) — SL(2,R)

be the universal covering of SL(2,R). The kernel of ¢ is an infinite
cyclic group, and choose a generator a for ker(o). Let H = R/Z and
let o

G =SL(2,R) xR/D,

where D is the subgroup of 5’1(2, R) x R:
D = {(a",V2n+m):n,m € Z}.
The morphism ¢ : H — G, given by

d(u+7Z)=(1,u)D,u € R,

©2002 CRC PressLLC



is injective. We claim that ¢T is not injective. We first note that
H* = C/Z and that the canonical map ~y is the usual inclusion
R/Z — C/Z. Next, we determine G*. We have

L(G) = sI(2,R) x R;

and
C® L(G) =5l(2,C) x C.

The canonical injection
L(G)=5l2,R) xR— C® L(G) =sl(2,C) xC
is the differential of the morphism
h:SL(2,R) x R -5 SL(2,C) x C,

given by h(z,r) = (o(x),r). We have the following commutative
diagram

SL(2,R) x R 5~ S1(2,C) x C

d |

G —~G"

It is easy to see that h(D) = {1} x (v/2Z + Z), and the smallest
closed complex Lie subgroup N of SL(2,C) x C that contains h(D)
is {1} x C, because v/2Z + Z is dense in R. This shows

G = (SL(2,C) x C)/N = SL(2,C).

Now the canonical map v maps Im(¢) = ({1} x R)D/D to N so
that v o ¢(R/Z) = 1. This, together with the commutativity of the
diagram,

R/Z 0 G
{ 0
C* o Gt =SL(2,C)
shows that ¢ cannot be injective. [ |

Using a result in Remark 1.29, we prove the following, which will
be used in Chapter 4 (see the proof of Theorem 4.29).
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Proposition 1.33 Let Gy and Go be compact real analytic groups,
and suppose o : G1 — Gy is a covering morphism. Then the induced
morphism o : G — G is a covering morphism of complex analytic
groups with finite kernel.

Proof. We identify £(G1) with £(G2), and denote it by g. Using
the notation in the construction of the universal complexification, let

h:5(g) = S(Cerg)

denote the real analytic homomorphism whose differential is the
canonical injection g — C®gg, and let m; : S(g) — G; be the uni-
versal covering morphism of G; with its kernel F;, (i = 1,2). From
oom = mg, we have F) C Fj. Since the compact group G; (i = 1,2)
has a continuous finite-dimensional faithful representation, h(F;) is
discrete (see the proof of Proposition 1.30), and we have (Remark
1.29 (iv))

GF = S(Cerg)/MF), i =1,2.

Thus C ®r g may be identified with the Lie algebra of both Gf and
G; . In this case, o is exactly the induced map

Gf = S(C®r g)/h(F1) — G5 = S(C&r g)/h(F).

ot is thus a covering morphism with kernel h(Fy)/h(F}). Since Gy is
compact, ker(o) = Fy/F) is finite, and hence ker(o1) = h(Fy)/h(F})
is finite. |

Universal Complexification of Semidirect Products Let G
and H be real analytic groups with Lie algebras g and b, respectively,
and let ¢ : H — Aut(G) be a morphism of real Lie groups. There is
a unique morphism ¢’ : H — Aut(G™") defined by the commutative
diagram

G G
Gt G*

¢'(h)
and ¢, in turn, induces a morphism

¢T  HT — Aut(GT)
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of complex Lie groups making the diagram

H
(b/
HT F Aut(GT)

commutative. We now form the semidirect products G x4 H and
Gt x4+ H' with respect to the actions ¢ and ¢*, respectively.

Proposition 1.34 There is a canonical isomorphism
(G X H)+ = G+ >4¢+ H+.

Proof. Let g and h™ denote the Lie algebras of Gt and HT,
respectively. The map

’}/ZG><I¢H—>G+><I¢+H+

defined by v = v x vu (i-e., 7(g,h) = (v (9), vu (h))) is easily seen
to be a morphism of real Lie groups. We claim that Gt x o+ H +,

together with -, satisfies the universal property characterizing the
universal complexification of G x4 H. Let o : G g H — M be a real
morphism into a complex analytic group M, and define

a+:G+>4¢+H+—>M

by ot (¢, h') = af(¢')aj;(h'). We show that a™ is a homomorphism.
The homomorphism condition

a’((g1,h1)(g5, h3)) = (g1, hy)a™ (g5, hy),
for (g7, h)), (gh,hh) € G x HT, is equivalent to the condition
ab(et (M)(9) = af(W)ag(g)af (W)~ (1.5.4)

for W €e H" and ¢ € G™T.
Since a : G Xy H — M is a homomorphism, we have

ac(6(h)(9)) = an(h)ac(g)am(h) ™. (1.5.5)
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Deﬁne(;/SJ\F:lr{Jr><G+—>GJr and ¢ : H x G — G by
o+ (W, g") = o (W) (g); d(h,g) = $(h)(9).

Then the equations (1.5.4) and (1.5.5) are, respectively, equivalent
to the commutativity of the diagrams:

—

gt x ot — gt
of x ot {aé
M x M 7 M (1.5.6)
and R
HxG ¢ G
ag X ag {QG
M x M 7 M (1.5.7)

where 7 : M x M — M is given by n(x,y) = xyz~—'. The diagrams
(1.5.6) and (1.5.7) are commutative if and only if their respective Lie
algebra diagrams (1.5.8) and (1.5.9)

h* x g* g* gt
daj; x dofy { {daé@
mx m————m (1.5.8)
and -
hxg—0 g
dag X dagl dog
m x m m (1.5.9)

dn
are commutative. Thus to establish the equation (1.5.4), it is enough
to show that the diagram (1.5.8) is commutative. The commutativity
of (1.5.7), N
agop=no(an x ag),
implies
ago ¢t =no(apxag)
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on I'm(v), and hence we have
dag; o dgT = dn o (da; xdafy) (1.5.10)

on I'm(dy). But Im(dy)(= Im(dyg x dyg)) spans b & gt over C,

—~~

and the differential of ¢+
dot bt x gt — g

is a C-linear action of the complex Lie algebra hb* on g*. Thus
(1.5.10) provides

daf, o dgz/f\r = dn o (daj;xdaf),

proving that the diagram (1.5.8) is commutative.

That o is the only morphism with the relation o = o™ oy follows
from the fact that Im(dry) spans L(GT x4+ HT) = g% @44+ hT over
C. |
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Chapter 2

Representative Functions
of Lie Groups

In this chapter we present the theory of representative functions,
which arises from the study of representations of Lie groups. With
this we introduce a pro-affine algebraic group associated with each
Lie group, known as the universal algebraic hull. This links up the
Lie group theory with the theory of pro-affine algebraic groups ([12],
[16], [25]).

Throughout this chapter, F will denote a field of characteristic
0.

2.1 Basic Definitions

We assemble basic definitions and results on group representations
for later use. Let V be a linear space over a field F. Given a group
G, a homomorphism p : G — GL(V,F) is called a representation of
G on V, and V is called the representation space of p. If dimp(V')
is finite, then p is said to be finite-dimensional, and the dimp (V) is
called the degree of p. Representations of a group we deal with in this
book are assumed to be finite-dimensional, unless stated otherwise.
By an action of a group GG on a set S, we mean a map

(,8) —xs:Gx S — S

satisfying 1s = s, s € V, and z(ys) = (zy)s, v,y € G and s € S.
An action of a group G on an F-linear space V is called linear if

©2002 CRC PressLLC



z(Au+v) = AMzu) + v for all x € G, u,v € V,and A € F. A
finite-dimensional F-linear space on which the group G acts linearly
is called a G-module (over F). Given a representation p of G, its
representation space V may be viewed as a G-module, where G acts
on V by zv = p(x)(v), for x € G and v € V. Conversely, a G-
module V is the representation space of a representation p by setting
p(z)(v) = xv, © € G and v € V. This correspondence enables
us to view each representation of a group G as a G-module, and
conversely. If V' is a G-module with corresponding representation p,
the representation of G that corresponds to any sub G-module W of
the G-module V is called a subrepresentation of p.

If V and W are G-modules, then the direct sum V & W and the
tensor product V ® W are also G-modules in a natural way; latter,
for example, via the action

z(u®v) = zu® Tv.

If p and o are the representations of G corresponding to the G-
modules V and W, respectively, then the representations correspond-
ing to the direct sum V & W and the tensor product V @ W are
denoted by p & ¢ and p ® o, respectively.

Dual Representation Given a representation p : G — GL(V,F)
of a group G, the representation p° : G — GL(V*,F) of G on the
dual space V* of V| which is given by the equation

P°(@)(N)(0) = Apa™")(v), v € G, AeV*, veV,

is called the dual representation of p. The associated G-module V*
is called the dual module of the G-module V.

Now if F = R or C, the general linear group GL(V,F) has the
natural (real or complex) Lie group structure, and the analyticity
of a representation p of a Lie group is with respect to this analytic
structure on GL(V,F). Thus p is F-analytic if and only if all of its
coefficient functions are F-analytic. If p is an analytic representation
of a real or complex Lie group, then so is p°.

Semisimple Representations A representation p : G — GL(V,T)
of G is called semisimple if each G-stable subspace of V' has a com-
plementary G-stable subspace. In this case, V is called a semisimple
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G-module. The representation p is called irreducible if V and (0) are
the only G-stable subspaces of V.

Since we are under the assumption that the base field F is of
characteristic 0, we have the following result. (For a proof, see, e.g.,
[4], Proposition 2, p. 88.)

Theorem 2.1 If p; : G — GL(V;,F), (i = 1,2), are semisimple
representations, then so is the tensor product p; ® ps. [ |

For any representation p : G — GL(V,F), let
0=V CVpCc---CcVicVp=V

be a series of sub G-modules of the G-module V. The G-module,
which is the direct sum

V(E) = &Zo(Vi/Vit1)

of the factor G-modules V;/Vj;1, provides in a canonical way a new
representation

p” G — GL(V(),F).
The representation p> is called the representation associated with p
(relative to the series X2). If the series X is a composition series, then
the G-module V' (X) is semisimple, and is simply denoted by V’. The
corresponding representation

p G — GL(V',F)

is called the semisimple representation associated with p. Note that
because of the uniqueness of composition series for a G-module, p’ is
uniquely determined (up to equivalence) by p. On the other hand, if
p itself is semisimple, then p and p’ are equivalent in the sense that
there is an F-linear isomorphism V' — V' such that, for each x € G,
we have the commutative diagram:

v p(z) v
v p'(x) v

More generally, the following may be shown easily.

Lemma 2.2 If a representation p : G — GL(V,F) is semisimple,
then, for any series ¥ of sub G-modules of the G-module V', p* is
also semisimple, and p and p* are equivalent. [ |
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Unipotent Representations Given a finite dimensional linear
space V over a field F, an F-linear endomorphism u of V is called
unipotent if u — 1 is nilpotent, or equivalently, if its characteristic
polynomial is (X — 1)", where n = dimp V. A subgroup of GL(V,F)
is said to be unipotent if all of its elements are unipotent. Similarly,
x € GL(n,F) is unipotent if x — 1 is nilpotent, and a subgroup of
GL(n,TF) is called unipotent if all of its elements are unipotent. The
subgroup U (n,F) of GL(n,F) consisting of all n x n upper triangular
matrices with diagonal entries all 1 is clearly unipotent, and in fact
U(n,TF) consists of all unipotent elements of 7'(n, F), since the eigen-
values of the characteristic polynomial of a triangular matrix are the
diagonal entries.

A representation p : G — GL(V,F) is called unipotent if the set
of endomorphisms p(z) — 1y, x € G, is nilpotent on V. (Recall that
a subset S C End(V,F) is called nilpotent on V if there is a positive
integer n such that the product of every sequence of n elements of
S is 0.) As we shall see in Corollary 2.5, the unipotency of p is
equivalent to the statement that p(G) is a unipotent subgroup.

Proposition 2.3 Let G be a unipotent subgroup of GL(V,F). Then
there is a nonzero v € V' such that x(v) = v for all x € G.

Proof. First we reduce the proposition to the case where the field
F is algebraically closed. Let K be an algebraically closed field that
contains I as a subfield, and let V¥ = K®pV. For each x € GL(V,F),

lgx@z: VE S VK
is a K-linear isomorphism of V¥, and hence

GX ={lg @z :2 € GL(V,F)}

is a subgroup of GL(V¥,K). Then the groups G and G share the
properties described in the proposition, and thus replacing G by G¥,
if necessary, we may assume that I itself is algebraically closed.
Suppose V has a proper nonzero G-stable subspace W. Then the
image of G in GL(W,F) is unipotent, and a common eigenvector of
this group in W is also a common eigenvector of G in V. Thus we
may further assume that V' is simple as a G-module (i.e., V' contains
no proper G-stable subspace). In this case we shall show G = (1).
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Let S = {2z —1: 2z € G} and let E be the F-linear subspace of
End(V,F) spanned by S. Noting that, for z, y € G,

(z-Dy-1)=(@y-1)-(r-1)—-(y—1) € E,

we see that F is closed under the product of matrices, i.e., E is
a subalgebra of End(V,F). Since V is simple as a G-module, it
is also simple as an E-module, and consequently, if £ # (0), then
E = End(V,F) by a theorem of Burnside (see, e.g., p. 648 of Lang’s
Algebra, 3rd ed.). On the other hand, since the set S consists of
nilpotent elements by assumption, every element of S (and hence of
E) has trace 0. But this is impossible because E = End(V,F). This
shows that E = (0), proving the proposition. [ |

Suppose G C GL(V,F) is unipotent. Then G has a common
eigenvector vy € V' by Proposition 2.3. Letting Vi = Fvy, G induces
a unipotent subgroup of GL(V/V;,F). Thus by induction applied to
dim V', we find a full flag of subspaces of V' stable under G, i.e., a
series of G-stable subspaces of V

WicWwc---CcV,=V, n=dimV,

each properly contained in the next, such that the action of G on each
factor V;41/V;, 1 <i < n, is trivial. Putting the above discussion in
matrix language, we have

Theorem 2.4 Let G be a subgroup of GL(n,F). Then G is unipotent
if and only if it is conjugate to a subgroup of U(n,F). In particular,
every unipotent subgroup is nilpotent. [ |

Corollary 2.5 For a representation p : G — GL(V,TF), the following
are equivalent.

(i) p is unipotent.
(ii) p(G) is a unipotent subgroup of GL(V,F).

iii) The semisimple representation p' associated with p is trivial.
P P

Proof. (i)= (ii) is trivial.
(ii)= (iii): Under the hypothesis (ii), there is a composition series
for the G-module V, namely, a full flag of p(G)-stable subspaces

VicVaCc---CV, =V, (2.1.1)
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such that the induced action of G on each factor Vj;1/V; is trivial.
It follows from this that the semisimple representation p’ associated
with p is trivial.

(i) = (i): If p/ is trivial, then clearly there is a p(G)-stable full
flag (2.1.1) of subspaces of V' for which the induced action of G on
each factor V;y1/V; is trivial. Therefore, for any x € G, we have
(p(x) — 1)(V;) € Vizq, 1 < i < n, where Vy = (0), and hence (i)
follows. [ |

Closed Sets of Representations Let G be a complex (resp. real)
analytic group, and let Rep(G) denote the set of all complex (resp.
real) analytic representations of G. We say that a nonempty subset
& of Rep(G) is said to be closed if it satisfies the following conditions:

(i) If p,o €& ,then pd o, pR0o EE;
(ii) If p is an irreducible subrepresentation of o € £, then p € &;
(iii) If o € € and if p is equivalent to o, then p € £.

Given a subset &£ of Rep(G), there exists the smallest closed set in
Rep(G) containing &, namely, the intersection of all closed sets that
contain £. This is called the set generated by £, and is denoted by
[€]. In the case G is an analytic group having the property that every
analytic representation of G is semisimple, then we may construct [£]
explicitly from & as follows. Let £ denote the set of all irreducible
subrepresentations of all finite tensor products

PLE - QP

where p; € £, 1 < ¢ < m. Note that if g1, o9 € &;, then every
irreducible subrepresentation of o; ® oy belongs to £&. Hence we
see that the closed set [£] is exactly the set of all representations in
Rep(G) which are equivalent to the sums

where 0; € £1, 1 < j < k.

Example 2.6 For later use we present three contrasting examples of
faithful complex analytic representations of the vector group C". For
the sake of simplicity, all representations are given in matrix form.
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err- 0 - -0 0
0 e

($17"'7$n)’_>
0 . .. 0 efn

is a faithful semisimple analytic representation of C™.

(i)

1 0 - O T1
010 -
(351,"',%@)’1’ .
. 1 z,
o - - - 1

is a faithful analytic unipotent representation of the complex
vector group C".

(iii)

e*1 0
0
0 ern
(xla 7xn) ’ﬁ 1 1
0
Tp
0 1

is a faithful representation, and Im(yp) is neither of the above
types.

2.2 Algebras of Representative Functions

For a field F of characteristic 0, and a nonempty set X, let FX denote
the F-algebra of all functions X — F.
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Representative Functions Let G be a group. For a function
f:G — F and z € G, we define the left translate = - f and the right
translate f -x by x - f(y) = f(yz) and f-z(y) = f(zy), y € G. The
function f is called a representative function if all its translates lie in a
finite-dimensional subspace of F¢. This condition is easily seen to be
equivalent to the assertion that its left translates G - f (equivalently,
the right translates f-G) span a finite-dimensional linear subspace of
F&. The latter condition also shows that the representative functions
on G form an F-algebra under the usual addition and multiplication
of functions, which is denoted by Rp(G). Rp(G) is stable under left
translations and right translations by the elements of G.

The following general lemma concerning linear spaces of functions
is useful in the study of representative functions.

Lemma 2.7 Let X be a nonempty set. If V is a nonzero finite-
dimensional subspace of FX, then there exists a basis f1,-- -, fn for V
and elements x1,---,x, € X such that fi(x;) = 6;; for 1 <i,j < n.

Proof. Let V* denote the dual space of V', and define p: X — V*
by pu(z)(f) = f(x) for z € X and f € V. Then V* is spanned by
w(X). In fact, let T be the subspace of V* spanned by u(X), and
consider the dual pairing

A F) =< A f>=A(f): V*xV —F.

We have
T = V/Ann(T),

where Ann(S) for any subset S C V* denotes the subset of V' = V**
Ann(S)={f eV <\ f>=0forall A € S}.

But Ann(T) = Ann(u(X)), and since Ann(u(X)) = 0, we have
T* =V, and T = V* follows. Choose elements z1,---,x, € X such
that u(xq1), -, u(z,) form a basis for V*, and let fi,---, f, be the
basis for V** =V, which is dual to the basis p(z1),-- -, u(x,). Then
fz(l‘]) =< ,LL(ZL‘j),fZ' >=0;; for 1 <id,j < n. |

We now introduce a comultiplication on Rp(G),
v R]F(G) — RF(G) & RF(G).
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Let
7 : Rp(G) ® Rp(G) — F&x¢

be the F-linear map given by

7(f ®g)(x,y) = f(x)g(y)

for f,g € Rp(G) and z,y € G. 7 is an F-algebra morphism, and we
show that it is an injection. Let a € ker(7), and write o as a finite
sum o = > gj ® hj. Let V' be the F-linear subspace of Rr(G) that
is spanned by the elements g;, and choose a basis f1,---, fi, of V
and elements x1,-- -, Ty, so that fj(x;) = ¢;; (Lemma 2.7). Then «

can be rewritten as .
a = Z fi ®pj.
j=1

For any y € G and 1 <7 < m, we have

0 = m(a)(zi,y)
= Zﬂf]@)p] xuy)
7j=1

= pi(y),

and this shows that each p; = 0. Consequently, a = 0, proving
that 7 is an injection. The multiplication on G induces an F-algebra
morphism:

§: Rp(G) — FEXC,
defined by

§(f)(@,y) = f(zy)
for z,y € G. We have: Im(0) C Im(m). In fact, let f € Rp(G), and

choose a basis fi,- -, f,, for the subspace of Rp(G) spanned by G- f,
and elements x1,---,z, € G, so that f;j(x;) = §;;. For y € G, we

have .
y-f=> giyfi
i=1

where the g; are some F-valued functions on G. Evaluating the above
equation at xj, we obtain g; = f-x;. Since Rr(G) is right-stable, we
have g; € Rp(G). Then 6(f) = n(>_1", fi ® g;) € Im(rw). Now the
map

y=7n"108: Rp(G) — Rr(G) ® Rp(G) (2.2.1)
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is well defined, and it is an F-algebra homomorphism. The relation
between v and the group multiplication of G may be seen by the
equation

Flay) =" fil=)gi(y)
=1

where

V=D fi®g
i=1

for x,y € G. The F-algebra Rp(G) becomes an F-bialgebra with
comultiplication v and counit the evaluation map c¢: f — f(1). We
shall see shortly that Rp(G) is, in fact, a Hopf algebra.

Coefficient Functions Let p: G — GL(V,F) be a representation
of G. For any linear function A € V* and v € V, the function
prv i G — F defined by

paw(z) = Ap(z)(v), =€,

is called a coefficient function of p. Let [p] denote the subspace of
the function space F¢ that is spanned by all coefficient functions of
p. From the identities:

L Prxv = Prp(x)(v)s Prv T = Plop(x),w>
we see immediately that [p] is bistable. The map
(A\v) = prp s VXV — FY

is F-bilinear, and since V' is finite-dimensional, it follows that [p] is
also finite-dimensional. It follows from the observation above that

all coefficient functions of p are representative functions of G, i.e.
[o] C Ry (G).

Lemma 2.8 For a group G, let V' be a left stable finite-dimensional
subspace of Rp(G), and let ¢ : G — GL(V,F) be the representation of
G by left translations on V.. Then [¢] is exactly the subspace of Rp(G)
spanned by the right translates of the elements of V. In particular,
if V' is bistable, then V = [¢].
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Proof. For z € G, let 2’ denote the F-linear function f — f(z) on
V. Then each f € V may be written as f = ¢/ ¢ € [¢], so that we
get V' C [¢]. Since [¢] is bistable, [¢] contains the subspace spanned
by the right translates V' - G. To show that [¢] is spanned by V - G,
choose a basis hi,---,h, of V, and elements x1,---,x, of G so that
the elements z/ form the dual basis to hy, - -, hy, (Lemma 2.7). Then
each ¢/, = h;-x; €V - G, and since the elements ¢,/ ;. span (9],
we see that [¢] is contained in the span of the right translates V - G.
|

If f € Rr(G), then by definition the left translates G - f span a
finite-dimensional subspace, which is left stable. In view of Lemma
2.8, we then have

Corollary 2.9 Rp(G) = U¢[¢], where ¢ runs over all representa-
tions of G. |

Hopf Algebra Rp(G) For any function f : G — T, define the
function f': G — F by f'(z) = f(z7!), z € G. If p: G — GL(V,F)
is a representation, it is easy to verify that f — f’ maps [p] (F-
linear) isomorphically onto [p°], where p° is the dual representation
of p. Thus by Corollary 2.9, Rp(G) is stable under the map f — f’.
Define

n: Rr(G) — Rp(G)

by n(f) = f’. Then 7 is an involution, and we can easily see that 7 is
the antipode of the F-bialgebra Rr(G), i.e., Rr(G) is a Hopf algebra
over F.

A subset T of the F-algebra Rr(G) is said to be left (resp. right)
stable if x-T C T (resp. T-x CT) for all x € G. T is called bistable
if it is both left and right stable. Finally, T is called fully stable if it
is bistable and also stable under the involution 7.

We have the following proposition, the proof of which follows
easily from the definition.

Proposition 2.10 A sub F-algebra of Rp(G) is a sub bialgebra (resp.
sub Hopf algebra) of Rp(G) if and only if it is bistable (resp. fully
stable). ]
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2.3 Proper Automorphism Groups

Proper Automorphisms For a bistable subalgebra S of Rp(G),
an F-linear endomorphism of S is called proper if it commutes with
the right translations f — f-z: S — Sforallz € G. Let Endg_r(S)
denote the set of all proper F-linear endomorphisms of S. Then
Endg_r(S) is a subalgebra of the F-algebra Endp(S) of all F-linear
endomorphisms of S. Let Autg(S) denote the group of all proper
[F-algebra automorphisms of S. Autg(S) is the group of units of the
F-algebra Endg_r(S). The left translation 7, : f +— y- f by a (fixed)
y € G is a proper F-algebra automorphism of S, and hence y — 7,
defines a homomorphism 7 : G — Autg(S), called the canonical
homomorphism.

Lemma 2.11 Let S be a bistable subalgebra of Ry(G). Then any left
stable F-linear subspace of S is also a-stable for all « € Endg_x(9).

Proof. Let V be a left stable linear subspace of S, and let f € V.
Choose a basis f1,---, f,, for the subspace spanned by G - f and
elements x1,---,x, of G such that fi(z;) = d;; for 1 < 4,5 < n
(Lemma 2.7). For z € G, z- f = Y1, gi(x)fi, where the g; are
F-valued functions on G. Evaluating the above at x;, we obtain
g; = [ -z, and hence we have

v f =Y (f @) (@)f
=1

foa=Sfi@)(f - ).
=1

Applying a, we have
aff) -z = a(f - )

= Zfz f xz
= Zfz L.

Evaluating this at 1, we get
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n

= > a(f-z)(1)fi()
=1

= Y alf)(@)fix).
i=1
Thus we have .
a(f) = alf)(@)fi (2:3.1)
i=1
and a(f) € V, proving our lemma. [ |

A bistable subalgebra S of Rp(G) is an F-bialgebra (Proposition
2.10), and Homp(S,F) becomes an [F-algebra under the convolution
(§B.1). Define

w: Endg_r(S) — Homgp(S,TF)

by w(a)(f) = a(f)(1) for « € Endg_g(S) and f € S. This is an
F-algebra isomorphism with its inverse

¢ : Homp(S,F) — Endg_r(5)
given by
@) (f)(@) =o(f -x), ¢ € Homp(S,F), f€S, z€G.

In fact, the verification of this statement is quite straightforward.
For example, to see that w is multiplicative, let «, 5 € Endg_r(95),
and f € S, and write

W=D g hi,
=1

where

v:85—->5®S8

denotes the comultiplication of the bialgebra S. Then f-z = >_7" ;| gi(x)h;.
Applying the proper endomorphism [ to this expression, and then
evaluating at 1, we have

BHx) = Bhi)(1)gi(x),
i=1
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and hence

Now, apply « to the above to get a(8(f)) = >.i; B(hi)(1)a(gi)-
Thus

wlaoB)(f) = a(B(f))1)

i=1
= (w(@) xw(B))(f),

proving that w(a o 8) = w(a) *x w(fF).

Suppose now that the subalgebra S is fully stable. S is then a
sub Hopf algebra of Rr(G) (Proposition 2.10), and Homp_q4(S,F)
is a subgroup of the group of units of Homg(S,F) (see §B.1). The F-
algebra isomorphism w maps the group Autg(S) onto Homp_q4(S, F).
We summarize what we have discussed above in the following propo-
sition.

Proposition 2.12 Suppose S is a fully stable subalgebra of Rp(G).
The isomorphism w above induces an isomorphism

Aut(S) = Homp_a4(S,F)
of groups. u

A bistable subalgebra S of Rp(G) is contained in the smallest fully
stable subalgebra S that contains S, namely, the intersection of all
fully stable subalgebras of Rp(G) contain S. Below we shall show
that there is a natural isomorphism

Aute(S) = Auta(S).

For that purpose, we first describe how to construct S explicitly
from S. Let V be any finite-dimensional bistable subspace of S,
and let p : G — GL(V,F) be the representation of G on V by left
translations. Let dy = dety op, where dety : GL(V,F) — F denotes
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the determinant function. Then dy is a polynomial in elements of
V. In fact, choose a basis fi,---, fin of V and elements x1,-- -,z
of G so that fj(z;) = 0;; (Lemma 2.7). Then the (4, j)-entry of the
matrix of p(x) with respect to the basis fi,---, fm is (fj - 2:)(x).
Thus each f;-x; € V, and dy € S as dy is a polynomial in the
elements f;-x;. We also note that é is defined everywhere on GG, and
1 =d € Rp(G). Let D denote the set of all dy/, where V runs over all
finite-dimensional bistable subspaces of S. Then S is the subalgebra
of Rp(G) generated by the elements of S and the reciprocals of the
elements of D. Note that if S is finitely generated as an FF-algebra,
then so is S. Also note that S is Autg(g)—stable by Lemma 2.11.

Proposition 2.13 The restriction morphism
Autg(S) — Autg(S)

is an isomorphism of groups.

Proof. Clearly the map is an injection, and so we shall show that
every proper F-algebra automorphism of S extends to a proper F-
algebra automorphism of S. Let o € Autg(S) and let ¢ € Homp(S,F)
be the element corresponding to a. ¢ is given by ¢(f) = a(f)(1) for
f € S. Because of the isomorphism (Proposition 2.12)

Aut(S) = Homp_q14(S, F)

it is enough to extend ¢ to an F-algebra homomorphism S — F.
Retaining the notation introduced in the construction of S above, we
first note ¢(d) # 0 for all d € D. In fact, a(d) # 0, so that o(d)(z) #
0 for some x € G. On the other hand, d is a homomorphism from G
into F, and hence d - = d(z)d. Thus

0#ald)(z) = (a(d)-z)(1)

proving that ¢(d) # 0. Now let M be the (multiplicative) submonoid
of S generated by D. Then S = M~'S, and ¢ does not vanish on
M. Hence ¢ extends to an F-algebra homomorphism of S. [ |
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Pro-affine Algebraic Group Structure on Autg(S) Let G be
a group, and for a fully stable subalgebra S of Rp(G), the group

g(S) = HomF—alg(S7 F)

is given the structure of a pro-affine algebraic group with S as its
polynomial algebra (Proposition B.1). Transferring the structure of
a pro-affine algebraic group on G(S) to Autg(S) by means of the
natural isomorphism G(5) = Aut(S) (Proposition 2.12), Autg(S)
becomes a pro-affine algebraic group. In this case S is the algebra of
polynomial functions of Autg(S), where each f € S is viewed as a
function on Autg(S) by

fla)=a(f)1), a € Autg(S). (2.3.2)

We often find it more advantageous to work with the group Autg(S)
rather than with G(S), because the group multiplication of Autg(.S)
is the usual composition. If S is finitely generated, then Autg(S)
has the usual structure of an affine algebraic group.

Let 7 : G — Aut(S) be the canonical homomorphism defined at
the beginning of the section. Since 0 (the zero function) is the only
element of S vanishing on 7(G), we obtain the following.

Proposition 2.14 7(G) is Zariski dense in the pro-affine algebraic
group Autg(S5). |

2.4 Analytic Representative Functions

Throughout this and the next section (i.e., §2.4-§2.5), we need to
establish and discuss certain results that are true for both real and
complex Lie groups. For that reason, the following convention will
be in force in these two sections. A real or complex Lie group is
simply referred to as a Lie group. For a Lie group G, the analyticity
of a representation of G on a C-linear space, or that of a C-valued
function of G, always refers to a real or complex one depending on
whether G is a real or complex Lie group.

The Algebra of Analytic Representative Functions For a
Lie group G, the set R(G) of all C-valued analytic representative
functions on G forms a C-linear subspace of the algebra Rc(G) of all
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C-valued representative functions on GG. We denote this subspace by
R(G). Thus if G is a real analytic (resp. complex analytic) group,
then R(G) denotes the C-linear space consisting of all C-valued real
analytic (resp. complex analytic) representative functions. For an
analytic representation p : G — GL(V,C), the C-linear span [p] of
all coefficient functions of p is a finite-dimensional bistable subspace
of R(G).

Proposition 2.15 If G is a Lie group, then R(G) = U,[p], where
p runs over all analytic representations of G, and R(G) is a fully
stable subalgebra of Re(G).

Proof. We have already seen above (J,[p] C R(G). Now we show:
Uylel D R(G). Let f € R(G), and let V' be the finite-dimensional
linear space spanned by the left translations G- f. The representation
¢ : G — GL(V,C), given by ¢(x)(g) = z-g, x € G, g € V, is analytic.
In fact, choose a basis hy,- -, hy, of V and elements z1,...,z,, of G
such that h;(z;) = d;5. For x € G and g € V, we write

r-g= Zgi(l’)hi

where each g; is a C-valued function on G. Applying the above to
xj, we obtain g; = g-x;. Since g is an analytic function on G, so are
its translations g; = g - z;, and it follows that the representation ¢
is analytic. Since V' C [¢] (Lemma 2.8), we have f € [¢] C U, [p]-
To show that R(G) is a C-algebra, we merely note that if f and g
are representative functions associated with analytic representations
p and ¢, respectively, then fg is a representative function associated
with the tensor product p&¢. Since each [p] is bistable, it follows that
R(G) is bistable. It now remains to show that R(G) is fully stable.
For this, it is enough to show that if p is an analytic representation
of G, then the antipodal map 1 : Rc(G) — Rc(G) maps [p] into
[p°], where p° denotes the representation of G dual to p, which is
necessarily analytic. Let A € V* and v € V. Then n(py,) = Pt ns
where v' denotes the linear functional on V* given by u — u(v).
Since R(G) is the union of all such [p|, R(G) is stable under 7,
proving that R(G) is fully stable. ]

Proposition 2.16 If G is a complex analytic group, then R(G) is
an integral domain.
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Proof. Suppose f,g € R(G) with fg =0, and let zyp € G. Since f
and g are analytic functions on G, either f or g is identically zero in
a neighborhood of xy because the ring of formal power series is an
integral domain. But if f is identically zero in some neighborhood
of xg, then f is zero in the whole of G by the principle of analytic
continuation. [ |

The following lemma shows that any analytic G-module can be
constructed from R(G).

Lemma 2.17 Let p be an analytic representation of a Lie group G
on a C-linear space V. Then the G-module V is embedded as a sub
G-module of the direct sum [p]®---® [p] (dimV copies), where [p] is
viewed as a left G-module, where G acts on [p] by left translations.

Proof. Let V* denote the dual space of V, and for A € V* and
v € V, recall that the coefficient function py, : G — C is defined by
paw(®) = Ap(x)(v)), * € G. Choose a basis A1, Az, -, A, for the
dual space V*, and define ¢ : V — [p] & - -- & [p] by

¢(U) = (p)q,vv e 7p)\n7v)

for v € V. ¢ is clearly C-linear and injective. Since py; z.o = T - px; 0
for z € G (1 <i < n), we see that ¢ is a morphism of G-modules. i

Next we examine the relationship between the representative
functions of a real analytic group G and those of G™.

Proposition 2.18 For any real analytic group G, the map f +— for
defines a C-algebra isomorphism

a: R(GT) = R(G),

where v : G — G is the canonical map.

Proof. Clearly o is a morphism of C-algebras. A real analytic
representation p of G induces a complex analytic representation p™
of GT with p* o+ = p, and any complex analytic representation
of GT is obtained in this way. We first show that « is a C-linear
isomorphism. In light of Proposition 2.15, it is enough to show

fefov:lp™l— o]
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is a C-linear isomorphism, where p : G — GL(V,C) is any real
analytic representation of G. For a C-linear function A of V' and an
element v € V, the coefficient function p, , of p is the image of the
coefficient function p;:v of p™ under «, proving that a : [p*] — [p] is
surjective. Now we prove that « is injective. Suppose f € [p™] with
foy=0. For any X € L(G), define ¢ : C — C by

6(2) = f o expgs (dv(X)). (2.4.1)

Clearly ¢ is complex analytic, and we have ¢(t) = 0 for all t € R.
Indeed, for t € R, we have

6(t) = f 0 expg+ (d1(EX)) = f o y(eapa(tX)) = 0.

Since the set of zeros of a nonzero complex analytic function on a
connected open set in C is finite, ¢(z) = 0 for all z € C. On the
other hand, I'm(dy) spans £(GT), and hence the equation (2.4.1)
and ¢ = 0 imply that f = 0 in an open neighborhood of 1 in G™.
By the principle of analytic continuation, f = 0 on the entire G,
proving that « is an injection. [ |

Example 2.19 We determine the algebra R(C) of the complex group
C. The elements of Hom(C,C*) may be viewed as representations
C — GL(1,C), and the map

c— <(1) i > :C— GL(2,C)
is a unipotent representation of C. Hence R(C) contains Hom(C, C*)
and the identity map z : C — C. We claim that R(C) is generated
(as a C-algebra) by Hom(C,C*) and z, i.e.,

R(C) = C[Hom(C,C")] ® C[z].

Let p: C — GL(n,C) be a complex analytic representation of G,
and identify the group C with its Lie algebra £(C). Then we have
p = expo dp, where dp : C — gl(n,C) denotes the differential of p.
Let dp(1) = S+ N be the Jordan canonical decomposition of the
matrix dp(1), where S is a semisimple matrix, N a nilpotent matrix,
and SN = NS. Thus, for ¢ € C, we have p(c) = exp(cdp(l)) =
exp(cS)exp(cN). Let p(c) = exp(eS); ¥(c) = exp(eN). We first
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determine the representative functions associated with ¢. Choose a
matrix A € GL(n,C) such that ASA™! = diag(a1,---,a,). Then

exp(cS) = exp(A~diag(cay,- - -, can)A)
= A l(exp(diag(cay,---,ayn)))A
A diag(e®, ... e A.

Thus the representative functions associated with ¢ are polynomials
in the coefficient functions ¢ — e“* (1 < i < n), and hence we have
[¢] € C[Hom(G,G*)].

Next turning to the unipotent representation v, we have

Y(c) = exp(eN) = Z (Cé\![)z = Z (CJ.V)Z,

7!
=0 i=0

and this shows that the representative functions associated with v are
polynomials in z, i.e., [¢)] C C[Hom(C,C)] = C[z]. This completes
the proof of our assertion. [ |

2.5 Universal Algebraic Hull

In this section we continue to use the convention adopted at the
beginning of §2.4.

For an analytic group G, let S be a fully stable subalgebra of
R(G). As we have seen in the preceding section, there is a canonical
group isomorphism (Proposition 2.12)

Aut(S) =2 Home—aqe(S, C)

through which the group Auts(S) acquires the structure of a pro-
affine algebraic group over C so that S is the polynomial algebra of
Autg(S).

Let V be a finite-dimensional bistable subspace of R(G), and let
S be the fully stable subalgebra of R(G) that is generated by V. By
Lemma 2.11, the restriction map « — «ay defines a representation of
Aut(S) on V:

¢ Autg(S) — GL(V,C).

Recalling that each f € V is viewed as a function on Autg(S) (see
the formula (2.3.2) in §2.3), we have a - f = a(f), where « - f is the

©2002 CRC PressLLC



left translation of the function f : Autg(S) — C by a € Autg(S).
This means that ¢ is exactly the representation of Autg(S) on V
by left translations, and ¢ is therefore a rational representation by
Proposition B.2. Let Ay denote the image of ¢, and let Gy denote
the image of the canonical homomorphism p : G — GL(V, C), which
maps z € G to the left translation f — x - f.

Proposition 2.20 Ay coincides with the Zariski closure GY, of Gy
in GL(V,C).

Proof. Let 7 : G — Autg(S) be the canonical map. We have
p=¢or,and 7(G) is Zariski dense in Auts(S) (Proposition 2.14).
Hence ¢ maps the Zariski dense subset 7(G) to p(G) = Gy, which is
Zariski dense in ¢(A) = Ay due to the rationality of ¢. |

Universal Algebraic Hull If G is a (real or complex) analytic
group, and if S is a fully stable subalgebra of R(G), then the group
Aut(S) is a pro-affine algebraic group for which S is the algebra of
the polynomial functions (see §2.3). Now we consider the C-algebra
R(G) itself, and the resulting group Autg(R(G)) is denoted by A(G).
Thus the group A(G) acquires the structure of a connected pro-affine
algebraic group over C via canonical group isomorphism (Proposition
2.12)

A(G) = Home—ay(R(G),C) (2.5.1)

for which R(G) is the algebra of polynomial functions on A(G), i.e.,
R(G) = P(A(G)). We call A(G) the universal algebraic hull of G.
Note that every f € R(G) is viewed as a function f : A(G) — C
given by f(a) = a(f)(1), a € A(G).

The term universal above is justified by the following proposition.

Proposition 2.21 Let G be an analytic group. Then the canonical
homomorphism 1 : G — A(G) satisfies the following.

(i) 7(G) is Zariski dense in A(G).

(ii) For any analytic representation p : G — GL(V,C), there exists
a unique rational representation

p:AG) — GL(V,C)
such that poT = p.
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Proof. The assertion (i) follows from Proposition 2.14. To prove
(ii), identify the analytic G-module V with a sub G-module of a
finite direct sum [p] @ - - - @ [p] of the G-module [p] (Lemma 2.17). By
Lemma 2.11, the bistable subspace [p] of R(G) is A(G)-stable, and
hence we obtain a natural representation A(G) — GL([p],C), which
is rational by what we have noted in the beginning of this section.
Consequently, the action of A(G) on the direct sum [p| ® --- @ [p] is
rational, and since the image 7(G) is Zariski dense in A(G) by (i),
the G-stable subspace V of [p]@---@®|[p] is also A(G)-stable. Thus we
obtain a rational representation p : A(G) — GL(V,C), and clearly
we have p o7 = p. The uniqueness of p follows from (i). |

Let V be a finite-dimensional bistable subspace of R(G). Then
we have seen that V' is A(G)-stable (Lemma 2.11), and hence this
induces a representation A(G) — GL(V,C). Let A(G)y denote the
image of this representation, and let Gy denote the image of the
representation of G on V' by left translations. Then we have

Corollary 2.22 A(G)y is the Zariski closure of Gy in GL(V,C).

Proof. Let V denote the fully stable subalgebra of R(G) that is
generated by V. Since R(G) is the polynomial algebra of A(G), the
restriction map A(G) — Autg(V) is surjective by Theorem B.4. On
the other hand, the restriction of Autg(V') to V coincides with the
Zariski closure of Gy in GL(V,C) by Proposition 2.20. Thus we see
that A(G)y is the Zariski closure of Gy . |

Topology and Analytic Structure of A(G) If G is a Lie group
such that R(G) is finitely generated as a C-algebra, the group A(G)
may be topologized in such a way that it becomes a Lie group. To
give such a topology on A(G), let f1,- -, fi, be a finite set generating
the C-algebra R(G), and define

¢:AG)—-C™

by
p(a) = (a(f1)(D), -+, a(fm)(1)), o€ A(G).
The map ¢ is an injection, and we now topologize A(G) so that the
bijection
¢: A(G) — Im(¢) c C™
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becomes a homeomorphism, where the topology on the set Im(¢) is
the natural one induced from the topology of C". We need to prove
that the topology on A(G) does not depend on the choice of the

generators f1,- -, fm. Suppose g1, - - -, gn is another set of generators
for R(G), and define ¢ : A(G) — C" by

1[)(04) = (Oé(gl)(l), T ’O‘(gn)(l))’ o€ A(G)

Since the g; generate R(G), each f; can be expressed as a polynomial
in the functions g1, - -, gn, and similarly each g; can be expressed as
a polynomial in f1,---, fp,. Let P;, Q); be polynomials over C so that

fl_ (glv"'vgn)v

Applying o € A(G) to the equations in (2.5.2), and evaluating at the
identity element 1, we get

a(fi)(1) = Pi(e(g1)(1), - -, a(gn)(1)),
a(g;)(1) = Q;(a(f )(1), » o fm)(1))- (2.5.3)

Thus, if we put ¢(a) = (21,--+,2,) and P(a) = (wi,---,wy), it
follows from (2.5.3) that each w; is a polynomial in z1,-- -, 2y, and
each z; is a polynomial in wy,---,w,, and we see that the bijection
o ¢! :Im(¢) — Im(¢)) is a homeomorphism. We note that the
topology on A(G) is the weakest topology making the functions

a— Ma(f)) - A(G) = C

continuous for all linear forms A on R(G) and all f € R(G). Now it
is clear this topology makes A(G) into a topological group.

Theorem 2.23 Let G be an analytic group, and let V be a finite-
dimensional bistable subspace of R(G) which generates the algebra
R(G). The restriction map

a— ay: AG) — GL(V,C)

is an isomorphism A(G) = A(G)y as affine algebraic groups and
also as complex analytic groups. In particular, A(G) is a complex

analytic group if R(G) is finitely generated.
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Proof. Note that each a € A(G) leaves V invariant (Lemma 2.11),
and hence the map a — ay is well defined. If G is a complex analytic
group, then R(G) is an integral domain (Proposition 2.16), and for
a real analytic group G, we have R(G) = R(G™") (Proposition 2.18)
and hence R(G) is also an integral domain. This shows that the pro-
affine algebraic group A(G) is connected for either a real or complex
analytic group G. Since the finite-dimensional C-linear subspace V/
generates R(G) as a C-algebra, R(G) is finitely generated, and hence
the pro-affine group A(G) is actually affine. By Proposition B.2, the
surjective map « — qy is rational, and it is an isomorphism of affine
algebraic groups, because V' generates R(G).

Next we show that A(G) = A(G)y as complex analytic groups.
Choose a basis hy,---,hy, of V, and let zq1,---,x,, € G such that
hi(z;) = 0;;. The matrix representation of the elements of GL(V,C)
with respect to the basis hq,- -, h,, allows us to identify GL(V,C)
with GL(m,C). Then, for « € A(G), ay is identified with the matrix
(a(hj)(x;))i;, and we have seen that the map

a— ay = (a(hj)(x))i; : AG) =2 AG)y (2.5.4)

is an isomorphism of affine algebraic groups. Since any algebraic
subgroup of GL(V,C) is a closed subgroup of the Lie group GL(V, C)
as it is the set of zeros of some polynomial functions of GL(V,C),
we see that the connected algebraic subgroup A(G)y of GL(V,C)
is a complex analytic group under the Euclidean topology. Let ¢
denote the representation of G on V' by left translations. Since V is
bistable, we have V' = [¢] by Lemma 2.8, and hence the coefficient
functions gbz; h; span the linear space V. Consequently the functions
¢4 n,generate the C-algebra R(G). Since

(b, )(1) = alhy - 2:)(1) = (a(hy) - z:)(1) = alhy) (@),

the isomorphism (2.5.4) becomes an isomorphism of topological groups
by the way the group A(G) is topologized. Consequently,

A(G) = AGQ)y c C™

as complex analytic groups.

For the last assertion of the theorem, we simply note that if R(G)
is finitely generated, there is a finite-dimensional bistable subspace
V of R(G) which generates R(G). ]
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2.6 Relative Algebras

Suppose p: G — GL(V,C) is a complex analytic representation of a
complex Lie group G, and let E be a closed complex Lie subgroup
of G. We say that the representation p is E-unipotent if p(E) is a
unipotent subgroup of GL(V,C). For f € R(G), we say that E acts
unipotently on f (or simply f is E-unipotent), if the representation of
G by left translations on the space spanned by the left translates G- f
is E-unipotent. Let R(G, E) denote the subset of R(G) consisting of
all E-unipotent functions f € R(G).

Lemma 2.24 Let E be a closed normal complex Lie subgroup of a
complex analytic group G. Then R(G, E) = Up[p], where p runs over
all E-unipotent complex analytic representations of G.

Proof. Let f € R(G, E) and let V; denote the span (over C) of the
left translates G - f. If ¢ : G — GL(Vy,C) is the representation of
G by left translations on Vy, then ¢ is E-unipotent, and Vy C [¢]
by Lemma 2.8. This shows that R(G,E) C J,[p]. Now suppose
p: G — GL(V,C) is an E-unipotent complex analytic representation,
and we show [p] C R(G, E). For this, it is enough to prove that if o
denotes the representation of G by left translations on [p], then o is
E-unipotent. Since p is F-unipotent, p(z) —1: V — V is nilpotent
for x € E. For any coefficient function py , of p, where A € V* and
v €V, we have

(o(z) = D(prw) = P (p(@)—1)v

for any x € G. Since [p| is spanned by the coefficient functions of
p, the above identity readily implies that, for x € E, (o(x) — 1) acts
nilpotently on [p]. |

The tensor product of two F-unipotent representations are again
FE-unipotent. Moreover, if a complex analytic representation p of a
complex Lie group G is E-unipotent, then so is its dual p°, and the
antipodal map n maps [p] into [p°]. Lemma 2.24 thus ensures that
R(G, E) is a fully stable subalgebra of R(G).

We define

A(G,FE) = Autg(R(G, E)).

By Theorem B.4, the restriction map A(G) — A(G, E) is surjective,
ie, A(G,E) = A(G)g,p)- A(G, E) is a pro-affine algebraic group,
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and we have a canonical homomorphism
E.G - AG,E),

which is given by 7F(z)(f) =z - f for € G and f € R(G, E). W«
note that 7 maps G onto a Zariski dense subgroup of A(G, E). Th1s
follows easily from the commutativity of the diagram

A(G) A(G,E
N4
G

We have the following universal property of 7F (cf., Proposition
2.21).

Proposition 2.25 If p: G — GL(V,C) is an E-unipotent complex
analytic representation, there is a unique rational representation

5: A(G,E) — GL(V.C)
such that potF = p. [ |

Suppose ¢ : G — H is a morphism of complex Lie groups, and
let £ and L be closed normal complex Lie subgroups of G and H,
respectively, such that ¢(F) C L. The induced algebra morphism
fr fo¢:R(H) — R(G) maps R(H, L) into R(G, E), and hence
defines a C-algebra morphism ¢* : R(H,L) — R(G,E). The map
¢*, in turn, induces a morphism of pro-affine algebraic groups,

5/5 : Hom(C—alg(R(G7 E)v (C) - Hom(C—alg(R(Hv L)7 (C)
By means of the isomorphisms

Homc_a4(R(G,E
Hom(C—alg(R(H7 L)v (C) = A(Hv L)’

o
I
2
Q
3

we obtain a morphism
¢: A(G,E) — A(H, L)
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of pro-affine algebraic groups. This is the morphism determined
uniquely by the commutativity of the diagram

where 7 and 7y are the canonical maps. For any o € A(G, E), qub(oz)
is related to a by the commutative diagram

R(H,L) —% + R(G, B)

(a) \ { a
R(H, L) = R(G, E)

Proposition 2.26 Let G’ %G 6" 51 be an evact sequence of
complex analytic groups, and let E' be a closed normal complex Lie
subgroup of G' such that E = 6(E') is a closed normal complex Lie
subgroup of G. Then the induced sequence

AGL EN S AGE) S AGY) — 1
18 exact.

Proof. We first note that since E = 6(E’), 7 induces an algebra
morphism 7* : R(G") — R(G, E), and hence 7 : A(G,E) — A(G").
Now we have the commutative diagram:

o—2O0 T

{1

(G B) —= A(G,B) —~ A(G") —— 1

Since the algebraic subgroup 7(A(G, E)) contains the Zariski dense
subgroup 7"(G") = 7(7(G)) of A(G"), T is surjective. To show
Im(#) = ker(7), we first show that

Im(7*) = R(G, E)"¢").
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Since o § = 1, the inclusion Im(7*) ¢ R(G, E)?(¢") is clear. For
the reverse inclusion, let f € R(G, E)?C). For 2/ € G’ and y € G,
we have f(y0(z")) = (0(2')f)(y) = f(y), and hence f is constant
on each left coset of the subgroup 6(G’) = ker(w) in G. Thus there
exists a unique f” : G” — C so that f” or = f. It remains to show
f" € R(G"). The map

gr—>go7r:(CG"—>(CG

is an injective morphism of G-modules, where GG acts on the function
space C¢” by left translations via 7 and on C¢ by left translations.
Since f € R(G), the left translates G - f span a finite-dimensional
C-linear space, and hence G - f” spans a finite-dimensional subspace
of C¢", proving f” € R(G").

Next we note that, for f € R(G, E) and a € A(G, E), we always
have a - f = a(f), where a - f denotes the left translation of f by «.
From the commutative diagram

R(G") —T + R(G, E)
m(a) = I{ {a
R(G") R(G,E)

it follows that
a € ker(7) if and only if &« = I on Im(7*) = R(G, E)(’(G’)7
and the latter happens if and only if
a-f=fforall fe R(G,E)O(Gl).

~

On the other hand, 7(6(G")) = 6(7'(G")), and its Zariski closure in

~

A(G,E) is 0(A(G', E")), and this implies
R(G, E)!@) = R(G, EB)F(AGE)

Since the subgroup 7(A(G’)) is normal in 7(G) and since 7(G) is
Zariski dense in A(G, E), the Zariski closureAé\(A(G’, E") of 7(0(G"))
is normal in A(G, E). The fixer of R(G, E)?(A(EE)) = R(G, E)?(¢)
in the pro-affine algebraic group A(G, E) coincides with the normal
algebraic subgroup §(A(G’ ), E') (see §B.2). Therefore a € ker(7) if
and only if a € §(A(G', E")), proving that Im(0) = ker(7). ]
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2.7 Unipotent Hull

Given an analytic group G, the unipotent radical U(G) of the pro-
affine algebraic group A(G) is called the unipotent hull of G. This is
a normal unipotent subgroup of A(G), which is maximal in the sense
that it contains every normal unipotent subgroup of A(G). A(G) has
a semidirect product decomposition A(G) = U(G) - M, where M is
a maximal reductive subgroup of A(G) (Theorem B.8).

Semisimple Representative Functions For f € R(G), let V;
denote the subspace spanned over C by the left translates G- f. It is
clearly an S-stable finite-dimensional subspace of R(G). f is called a
semisimple element if the representation py of G by left translations
on Vy is semisimple. Let R(G), denote the subset consisting of all
semisimple elements in R(G). We claim

R(G)s = Jlo] (2.7.1)

p

where p runs over all semisimple complex analytic representations of
G. If f € R(G)s, then py is semisimple, and f € [py] C U,[p], so
that we have R(G)s C J,[p]. Suppose now that p is a semisimple
analytic representation on V. To show [p] C R(G)s, it is enough to
show that the coefficient functions of p are semisimple. Let A € V*
and v € V, and consider the coefficient function py,. Let W be
the sub G-module of the G-module V' generated by v, and define
¢ : W — R(G) by ¢(w) = prw, w € W. Then W is a semisimple
G-module, and the linear map ¢ commutes with the (left) actions of
G on W and R(G). Hence ¢(WW) is semisimple. On the other hand,
the sub G-module of R(G), which is spanned by the left translates
G - pryp, is exactly the image of ¢. Since x - pr, = praw, = € G,
we see that p), is semisimple, i.e., py, € R(G)s. Since the direct
sum and the tensor product of any two semisimple representations
of G are again semisimple (Theorem 2.1), the identity (2.7.1) above
implies that R(G)s is a subalgebra of R(G).

By Proposition B.9, we have

Proposition 2.27 The unipotent hull U(G) of an analytic group G
is the intersection of the kernels of all restriction homomorphisms

A(G) — A(G)p),
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where p runs over all semisimple analytic representations of G. 1

If G is reductive, every analytic representation of GG is semisimple
and hence U(G) = (1) by Proposition 2.27. More generally, suppose
that E is a closed normal complex Lie subgroup of G, and denote
the unipotent radical of the pro-affine algebraic group A(G, E) by
U(G,E). U(G,E) is the intersection of all kernels of the restriction
homomorphisms

where p runs over all semisimple analytic representations of G that
are trivial on FE.

Example 2.28 We have (see Example 2.19)
R(C) = C[Hom(C,C")] & C[2],
and hence

U(C)

ker(A(C) — A(C)¢ Hom(((:(c*)})
= Homc- alg( []7C)

Let E and L be closed normal complex Lie subgroups of complex
Lie groups G and H, respectively. If ¢ : G — H is a morphism of
complex Lie groups such that ¢(F) C L, then the induced morphism
¢ : A(G,E) — A(H, L) of pro-affine algebraic groups does not, in
general, map U(G, E) into U(H, L). However, we have

Lemma 2.29 QAS(U(G, E)) Cc U(H, L) holds in each of the following
cases:

(i) ¢(G) is a normal subgroup of H;
(ii) H is solvable.

Proof. Assume the condition (i), and let 7¢ : G — A(G, E) and
g+ H — A(H,L) denote the canonical maps. Since 7¢(G) is
Zariski dense in A(G, E), so is ¢(1¢(GQ)) = tu(¢(G)) in ¢(A(G, E)).
On the other hand, the normalizer N of 7y (¢(G)) in A(H,L) is
Zariski closed in A(H, L) and contains 7z (H) due to the normality
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of (G) in H. It follows from the density of 7y (H) in A(H, L) that
N = A(H, L), proving that ¢(A(G, E)) is normal in A(H,L). As
a unipotent normal subgroup of A(G, E), the group qﬁ( (G,E)) is
contained in U(H, L).

Suppose (ii) holds. For any bistable finite-dimensional subspace
V of R(H, L), the algebraic group A(H, L)y is the Zariski-closure H;
of the image Hy under the canonical map H — GL(V,C). Hence
A(H, L)y is a solvable linear algebraic group, and thus its unipotent
radical Uy consists of all the unipotent elements of A(H,L)y. If
W is another finite-dimensional bistable subspace of R(H, L) with
W C V, then the restriction morphism A(H, L)y — A(H, L)y maps
the unipotent radical Uy, onto the unipotent radical Uy. Then we
have

A(H,L) =lim A(H, L)y ; U(H, L) = lim Uy,

and hence U(H, L) consists of all the unipotent elements in A(H, L).
Since the rational morphism ¢ sends unipotent elements to unipotent
elements, ¢(U(G)) C U(H) follows. |

Corollary 2.30 Let K be a closed normal complex analytic subgroup
of a complex analytic group G. If E is a closed normal complex Lie
subgroup of G such that E C K, the inclusion i : K C G induces an
exact sequence

U(K,E) > U(G,E) - UG/K) — 1.
Proof. We have an exact sequence (see §2.5)

A(K,E) 5 A(G,E) & A(G/K) — 1,

where 7 is induced by the canonical map = : G — G/K. By
the lemma above, i(U(K,E)) C U(G,E). On the other hand, 7
maps U(G, E) onto U(G/K) by Proposition B.7. We clearly have
W(U(K,E)) C ker (7| (q,E))-  To prove the reverse inclusion, let
a € U(G, E) with #(a) = 1, and let 8 € A(K, E) such that i(3) = a.
Choose maximal reductive algebraic subgroups M’ and M of A(K, E)
and A(G, E), respectively, so that i(M') C M. Since we have
A(K,FE) = U(K,E) - M (semidirect product), write 8 = vy with
veU(K,FE) and vy € M'. Then

~

i) ta=li(y) e UG, E)N M = (1),
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~

proving that a = i(v) € i(U(K, E)). |

In general, the inclusion ¢ : K C G does not induce an injection
i:UK,E) — U(G, E)A The following lemma, however, provides a

sufficient condition for i to be injective.

Lemma 2.31 Let K be a closed normal complex analytic subgroup
of a complex analytic group G, and let E be a closed normal complex
analytic subgroup of G with E C K. Suppose that S is a bistable
subspace of R(K, E) such that

(i) S separates the points of U(K, E), and
(i) S c Im(R(G,E) S R(K, E)).
Thenv:U(K,E) — U(G, E) is an injection.
Proof. Since S separates the points of U (K, E), the restriction map
U(K,E) - U(K,E)g is an isomorphism. To show 7 is an injection,
let « € U(K,E), t(a) = I. From the commutativity of the diagram
R(G, B) —“— R(K,E)

1| o

R(G,E) R(K,E)

L*

we obtain *(f) = a(.*(f)) for all f € R(G,E). This means a = I
on Im(¢*), and since S C Im(:*), we have ag = I, and hence a = I,
proving that 7 is injective. [ |
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Chapter 3

Extensions of
Representations

In this chapter we shall deal with the problem of determining when
an analytic representation of a subgroup of a complex analytic group
is extendable to the entire group ([12], [25]).

Let L be a complex Lie subgroup of a complex Lie group G,
and let p be a complex analytic representation of L on a C-linear
space V. A representation o of G is said to be an extension of the
representation p of L, if the representation space W of o contains
V as a G-stable subspace and o(z) coincides with p(x) on V for all
x € L. If the representation p of L has such an extension, then we
shall simply say that p is extendable to G.

3.1 Some Examples

We present two examples, each of which shows that the extension of
a representation of a subgroup to the whole group is not possible.

(1) Let G = CxC be the semidirect product of the additive group
C by itself, where C acts on itself by (¢,z) — ez : C x C — C. The
multiplication in G is given by (z,s)(y,t) = (z + €y, s + t). This is
a complex analytic group isomorphic with the subgroup of GL(3,C)
consisting of all matrices of the form

t

o o ®
o = O
— W
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where t,z € C. We identify G with this linear group. Then the Lie
algebra g of G is the subalgebra of gl(3,C) consisting of all matrices
of the form

t
0
0

o o o
O+ 8

where z,t € C.
Let H be the subgroup of G consisting of all elements

10
01
0 0

_ o8

where z € C. Then no nontrivial 1-dimensional representation of H
is extendable to a representation of G. In fact, let p : H — GL(W, C)
be a nontrivial 1-dimensional complex analytic representation of H,
which extends to a complex analytic representation, o say, of G on
a finite-dimensional C-linear space V. Choose a nonzero element
w € W as a basis of W so that W = Cw is a 1-dimensional o(H)-
stable subspace of V. The differential do is a representation of the
Lie algebra g of GG, and it extends the differential dp of p.
Let

®

Il
o oo
o oo

1 1
0], f=1(20
0 0

o O O
o = O

Then {e, f} is a basis of g, and {e} is a basis for L(H). Since p is
nontrivial, there is a nonzero ¢ € C so that

do(e)(w) = dp(e)(w) = cw.

On the other hand, [f, e] = e € [g, g, and since g is solvable, do([g, g])
is nilpotent on V' by Lie’s Theorem (Theorem A.6). Thus do(e) is
nilpotent on V', and 0 is hence the only eigenvalue of do(e). Therefore
c = 0, a contradiction.

(2) Let G = SL(2,C), and let H be the subgroup of G consisting
of all elements
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with s,t € C. Let Vy be a 1-dimensional C-linear space, and let
vg € Vo, vg # 0, so that Vy = Cuvg. Fix a positive number A, and
define the representation

p:H— GL(V,,C)
by
t
o S Do =

Then p cannot be extended to an analytic representation of G. To
see this, suppose p is extendable to an analytic representation of G.
Then the differential

dp: L(H) — gl(Vp,C)

of p has an extension to a representation ¢ of the Lie algebra sl(2, C)
on a finite-dimensional C-linear space V. Choose the basis {e, f, h}
of the Lie algebra sl(2,C) of G, where

G b)) ()
We have the bracket relations
[h,e] = 2e, [h, f]=—2f, [e, f] = h.
We also have ¢(h)(vg) = —Avg and ¢(e)(vg) = 0. In fact, since p =1

on the elements
1 ¢
0o1)’

for all ¢ € C, we have ¢(e)(vg) = dp(e)(vg) = 0. For the first

assertion,

¢(h)(vo) = dp(h)(vo)

_ %m( o >)(Uo)|t:0

d N
= —e Vugl=
dt oli=o
= —)\’UQ.
For each integer i > 0, define

vi = ¢(f)" (vo).
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Then v; is either 0 or an eigenvector of ¢(h) with eigenvalue —(A+21).
To prove this, we use induction on . Thus assume

o(h)(vi) = — (A + 2i)v;.
Then

o(h)(vit1) = ¢(h)
= o(f)
= 9(f)

o

N
=
&

completing the induction. Let m be the largest integer with v, # 0,
and let W be the subspace of V' that is spanned by vg,v1,: -+, Up.
Again using induction we may verify

ole)(vi) = —i( A+ (i — 1)v—1, i=1,---,m,

and from this we deduce that W is stable under ¢(e). Consequently,
W is stable under ¢(sl(2,C)). Now we consider the linear map
o(h)w : W — W. Since

Tr(gp(hyw) = Tr(d(e)w o o(flw — o(f)w o dle)w) =0

we have
m

> —(A+2)=—(m+1)(A+m)=0
=0

Thus A+m = 0 and A = —m < 0. Since A was chosen to be positive,
we have a contradiction.

3.2 Decomposition Theorem

The main purpose of this section is to study how the decomposition of
an analytic group as a semidirect product affects the decomposition
of its algebra of representative functions.

Lemma 3.1 Let H and N be closed complex analytic subgroups of a
complex analytic group G with N normal in G, and let E be a closed
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normal complex Lie subgroup of G such that E C N. For h € H, let

k(h) denote the automorphism of N given by n +— hnh~'. Then for
g€ R(N,E), gor(H) C R(N,E).

Proof. For h € H and n € N, we have

n-(gor(h)) = (k(h)(n) - g) o r(h) (3.2.1)

or, equivalently,

(n-g) o w(h) = 5(h™")(n)(g o K(h)). (3.2.2)

For a fixed h, and with n ranging over N, the equation (3.2.1) shows
that g o k(h) € R(N). To show go k(h) € R(N, E), let V and W be
the finite-dimensional subspaces of R(N) that are spanned by N - g
and N - (g o k(h)), respectively, and let § : V' — W be the map that
sends f to for(h). Then 6 is a C-linear isomorphism by the formula
(3.2.1). If p and ¢ are the representations of N by left translations
on V and W, respectively, then we have

B(z) =00 p(hzh 1) oh™?
for z € N, i.e., we have the commutative diagram

p(hzh™!)

Hence, for any z € N and any positive integer m, we have
(¢(2) —1)™ =00 (p(hzh™1) —1)m o h~L.

Since g € R(N, E), p(E) acts on V unipotently. ¢(F) therefore acts
unipotently on W, proving g o k(h) € R(N, E). [ |

Let G be a complex analytic group, and let H and N be closed
complex analytic subgroups of G with N normal in G such that
G = H-N is a semidirect product. For any function f : N — C (resp.
f: H — C), define the function f* : G — Cby f*(hn) = f(n) (resp.
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ft(hn) = f(h)) for n € N and h € H. For h € H, let r(h) denote
the automorphism of N given by n — hnh™!.

Let E be a closed normal complex Lie subgroup of G with & C N.
Let R(G, E)n denote the image of R(G, E) under the restriction map
R(G,E) — R(N, E). Then we have

Lemma 3.2 For g € R(N, E), the following are equivalent.
(i) g € R(G,E)N.

(i) gok(H) = {gok(h) : h € H} spans a finite-dimensional
subspace of R(N, E).

(ili) ¢* € R(G, E).

Proof. (iii)=(i) follows from ¢g*|y = g.
(i)=(@i): Let f € R(G, FE) with fy = g. Then, for h € H, we
have

gor(h)=(ht-f-h)N.

Now, f being a representative function of G, the set {h~!- f - h}
spans a finite-dimensional space, and hence the subspace of R(N, )
spanned by g o k(H) is finite-dimensional.

(ii)=-(iii): Since go k(H) C R(N,E) (Lemma 3.1), the C-linear
span V of the left translates N - (g o k(H)) is a finite-dimensional
left-stable subspace of R(N, E). Now we define p : G — GL(V,C)
by

p(2)(f) = (n- f)or(h™),

where z € G, z = hn with n € N and h € H, and f € V. By the
formula (3.2.2), the above map is well defined, and we see that p is a
complex analytic representation of G. Since V' C R(N, E), it is clear
that p is E-unipotent. Let € : V' — C be the linear function given
by e(f) = f(1) for all f € V. Then the extension function g* of g is
exactly the coefficient function p, 4, which is, by definition, given by
z — e(p(x)(g)), and this shows that ¢g* € R(G). Since g € R(N, E),
g™ € R(G, E), proving (iii). [ |

Notation Before we proceed any further, we introduce the follow-
ing general notation. Let K be a subgroup of a Lie group G, and let
V be a bistable subspace of R(G). We define XV and VX to be the
subspaces

©2002 CRC PressLLC



Ky — {feV:f.-x=fforalzeK},
VE = {feV:z-f=fforallzec K}

Note that if K is a normal subgroup of G, then we have XV = V¥,

Theorem 3.3 Let G = H- N be a semidirect product, where H and
N are closed complex analytic subgroups of a complex analytic group
G with N normal in G, and let E be a closed normal complex Lie
subgroup of G with E C N. Then

(i) the restriction maps
R(G7 E)N - R(H)7 HR(Gv E) - R(Gv E)N

are isomorphisms with inverse maps given by f — f+ (in both
cases).

(i) (f,g9) — fTg" : R(H) x R(G,E)x — R(G,E) induces an
isomorphism

R(H)® R(G,E)y = R(G,E).

In particular, R(G,E) = R(H)® R(N, E) canonically, if the restric-
tion morphism R(G,E) — R(N, E) is surjective.

Proof. (i) Let 7 : G = H- N — H denote the projection. For
g € R(H), choose an analytic representation p of H such that g € [p].
Then p o 7 is a representation of G, which is clearly F-unipotent, and
gt €lpon] C R(G,E)N. Now it is easy to check that the restriction
map R(G, E)N — R(H) is an isomorphism with its inverse g — g+.
That "R(G, E) — R(G, E)y is an isomorphism follows from Lemma
3.2.

(ii) Let p : R(H) ® R(G,E)y — R(G,E) be the morphism of
C-algebras, given by u(f ® g) = f*-g". We first show that pu
is surjective. Let v be the comultiplication on the Hopf algebra
R(G,E), and, for f € R(G, E), write y(f) as

m
= Z fi ®ti,
i—1
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where f;, t; € R(G,E), 1 <i <m. Then for h € H and n € N, we
have

F(hn) =" fi(h)ti(n). (3.2.3)
=1

Let ki = (fi)m and ¢g; = (t;)n. Then, from (3.2.3), we get
F=Y kigh =pd_ ki®g),
i=1 i=1

proving that u is surjective.
We next show that p is an injection. Let « € ker(u), and write

P
a:Zki®gi
=1

where each ¢g; € R(G,E)y and k; € R(H). Let Y be the C-linear
subspace of R(G, F)y that is spanned by the g;, and choose a basis
u1,---,uq of Y and elements ny,---,ny € N so that uj(n;) = 6
(Lemma 2.7). Then « can be rewritten in the form

q
Q= Zfi & U,
i=i

where f; € R(H). Then Y% | fi'uf = pu(a) = 0 implies

q

> filh)ui(n) =0

i=1

for all h € H and all n € N. With n = n; in the above equation, we
get fj(h) =0 for all h € H. It follows that all f; = 0, proving o = 0.
Thus u is an injection. [ |

3.3 Main Lemma

In this section we prove an important result (Lemma 3.4), which
provides a sufficient condition for the extension theorems (Theorem
3.6 and Theorem 3.7) in the next section.

Suppose E is a closed normal complex Lie subgroup of a com-
plex analytic group G, and let Aut(G, E) denote the group of all
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complex analytic automorphisms of G that leave F stable. Each
0 € Aut(G, E) induces a unique rational automorphism 6 of the pro-
affine algebraic group A(G, E) such that the diagram

G 4 G

A(G,E) 5 A(G,E)

is commutative (see §2.5).

With this notation in hand, we are now ready to prove our main
lemma.

Lemma 3.4 Let G be a complex analytic group and let E be a closed
normal complex Lie subgroup of G with dimU (G, E) < co. Let D be
a subgroup of Aut(G,E) and assume that D acts as a finite group
on G/E. If p is an E-unipotent complex analytic representation of
G, then the linear span of [p| o D is finite-dimensional.

Proof. Let 7 : G — A(G,E) be the canonical map. Since the
representation p is E-unipotent, [p] C R(G, E). Weset R = R(G, E),
and U = U(G, E). There is a semidirect product decomposition of
the pro-affine algebraic group A(G, F)

A(G,E) =M -T,

where M is a maximal reductive subgroup, and this gives a tensor
product decomposition of R

R=MR.RV = P(U)® P(M),

where P(U) and P(M) are canonically isomorphic with ¥R and RY,
respectively (see §B.2). If Dy denotes the kernel of the action of D on
G/E, then D is of finite index in D, and thus our assertion follows
as soon as we have shown that the linear span of [p] o Dy is finite-
dimensional. This implies, in particular, that in our proof, we may
assume that D itself acts on G/F trivially. For any o € A(G, E), let
i(a) denote the inner automorphism 3 +— aBa~! of A(G, E) induced
by a. Since [p] is bistable under G, it is also bistable under A(G, E)
by Lemma 2.11, and thus we get

[ploi(a) =a™ - [p] - a=[d]. (3.3.1)
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Let D={0:0€ D}. For 6 € D, z € G, and f € [p], we have

~ ~

f0(7(2))) = 0(7(x))(f)(1) = 7(0(2))(F)(1) = F(6(2)).

This shows that R
ploDor=[s]oD

and our assertion is therefore equivalent to the statement:
(A) The linear span of [p] o D is finite-dimensional.

Let P denote the group of all automorphisms of A(G, E) that leave
M invariant, and let 8 € D. By the conjugacy of maximal reductive
subgroups of the pro-affine algebraic group é(G, E) (Theorem B.8),
there is an element 8 € U such that i(3)(6(M)) = M, and hence
i(8)8 € PNi(U)D. Thus

~

{(U)D = i(U)D'

where D' = PN i(U)D, and this together with (3.3.1) above yields

~ ~

oD =[pl0i(U)D = [p] 0 i(U)D' = [p] o .

This enables us to replace the statement (A) with the equivalent
statement:

(B) The linear span of [p] o D' is finite-dimensional.

Below, we shall prove (B). For that we first note that the action of
D on A(G, E)/U is trivial. In fact, let § € D. 0 is trivial on G/E by
assumption, and clearly 7(E) C U. For each z € G, 27 10(z) € E,
and hence 7(z710(z)) € U, ie., 7(6(z)) € 7(z)U. Therefore we
obtain
0(r(2)U) = 0(r(2))U = 7(0(x))U = 7()U.

This shows that each element in D induces the identity map on
7(G)U/U and hence on its Zariski closure A(G, E)/U.

Next we show that the action of D’ on M is trivial. Let 3 € M,
ne D'=PnN z'(U)lA?, and write n = i(a)@\, where a € U and 0 € D.

~

Since D acts on A(G, E)/U trivially, 3710(3) € U, and hence

BB = N (aB(B)a)
= [ laB(pE(B)a " €U
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On the other hand, 87 'n(8) € M, and hence 8~ 1n(3) € MNU = (1),
proving that n(8) = 3. This shows that D’ =1 on M.

Since the action of D’ on M is trivial, so is the induced action of
D’ on RY = P(M). We now show that, for any f € MR, f o D’ has
a finite-dimensional linear span in MR. We identify MR with P(U),
and view U as a closed unipotent complex analytic subgroup of a full
complex linear group, GL(W,C) say. The exponential map

exp: L(U)—U

is a polynomial map and is also a variety isomorphism. Since D’ acts
on L(U) linearly via the differential (at 1) of its action on U, go D’
spans a finite-dimensional subspace for every polynomial function g
on L(U), and it follows that f o D' has a finite-dimensional linear
span for any f € P(U) = MR. Since D’ fixes the elements of RV and
since f o D' has a finite-dimensional linear span for each f € MR, it
follows that [p] o D’ has a finite-dimensional linear span. |

3.4 Extensions of Representations

In this section we state and prove a key result (Theorem 3.7) on
extensions of representations.

Lemma 3.5 Let L be a closed complex Lie subgroup of a complex
analytic group G and let E be a closed normal complex Lie subgroup
of G such that E C L. Suppose p (resp. o) is an E-unipotent
complex analytic representation of L (resp. G). If o is an extension
of p, then [p] is contained in the image of [o] under the restriction
map R(G,E) — R(L,E). If every E-unipotent complex analytic
representation p of L extends to an E-unipotent complex analytic
representation o of G, the restriction map R(G,E) — R(L,FE) is
surjective.

Proof. Let V be the representation space for p and let W be the
representation space for ¢ that contains V' as an L-stable subspace.
Choose a basis w1, wa, - - -, wy, of W such that wy, wa, -, wy, (m < n)
is a basis of V', and let ~1,7s,- -+, be the basis of the dual space
of W which is dual to the basis wy, ws, - -+, w,. Then the restrictions
vilv (1 <i < m) form a basis of the dual space of V', which is dual to
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the basis wy, wo, - - - ., wy,, and the coefficient functions, g; ; : L — C
of p, defined by

9ij(y) = 7i(p(y)(w;)), 1 <i<m,

span the space [p]. Since each g;; is the restriction of the coefficient
functions f;; : G — C of o, defined by fi;j(z) = vi(o(z)(w;)), we see
that [p] is contained in the image of [o] under the restriction map
R(G,FE) — R(L, E), proving the first part of the lemma. The second
part follows from the first part. |

Theorem 3.6 Let G be a complex Lie group, and let H and N be
closed complex analytic subgroups of G with N normal in G such that
G = H- N is a semidirect product. Let E be a closed normal complex
Lie subgroup of G with E C N. For an E-unipotent complex analytic
representation p : N — GL(W,C), the following are equivalent.

(i) p can be extended to an E-unipotent complex analytic represen-
tation of G.

(ii) [p] o kK(H) has a finite-dimensional linear span in R(N,E),
where k(h), for h € H, denote the automorphism of N given
by n — hnh~L.

Proof. As in §3.2, we use the following notation throughout our
proof: Let R(G, E)n denote the image of R(G, E) in R(N, E) under
the restriction map R(G,E) — R(N,E). Also, for any function
f:N —C (resp. f: H— C), define f*: G — C by f*(hn) = f(n)
(resp. f*(hn) = f(h)) forn € N and h € H.

(i)= (ii): By Lemma 3.5, we have [p] C R(G, E)y. Since [p] is
finite-dimensional, (ii) follows from Lemma 3.2.

(ii)= (i): By Lemma 2.17, the N-module W is embedded as a
submodule of the direct sum of finite copies of the N-module [p].
It is, therefore, enough to show that the N-module [p] itself can be
embedded into a complex analytic G-module as a sub N-module on
which E acts unipotently. Let V denote the linear span of the func-
tions [p]ok(H). V is then a finite-dimensional and bistable subspace
of R(N,E) by Lemma 3.1. Moreover, we have VT C R(G,FE). In
fact, [p]” C R(G,E) by Lemma 3.2, and we have

(for(m)" =h-f" € R(G,E),
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for all h € H and f € [p]. Since ([p] o k(H))" spans VT, we have
Vt C R(G,E). For any g€ V, h € H,and n € N, we have

n'g+:(n'g)+7

and
h-g* = (gon(h)*

and hence G-V = VT follows. This shows that VT is a G-module,
and since VT C R(G, E), the action of E on V7 is unipotent. Now
the injection

frefrafpl—=Vv?

is a desired embedding. [ |

Theorem 3.7 Let G be a complex Lie group, and let H and N be
closed complex analytic subgroups of G with N normal in G such that
G = H- N is a semidirect product. Let E be a closed normal complex
Lie subgroup of G with E C N. Assume that dimU (N, E) < oo and
that H induces a finite automorphism group on N/E. Then every
E-unipotent complex analytic representation of N can be extended to
an E-unipotent complex analytic representation of G. In particular,
the restriction map R(G,E) — R(N, E) is surjective.

Proof. Let p be a E-unipotent complex analytic representation of
N. By Lemma 3.4, the linear span of [p|ok(H) is finite-dimensional,
and hence p can be extended to a E-unipotent representation of G
by Theorem 3.6. The second assertion follows from Lemma 3.5. N

Remark 3.8 As for the condition dimU (N, E) < oo in Theorem
3.7, we shall first establish that the condition is satisfied if N is simply
connected solvable (Proposition 3.15), and this will be generalized to
any faithfully representable complex analytic group N in Chapter 4
(see Theorem 4.50). |

Corollary 3.9 Under the assumption of Theorem 3.7, let o denote
the projection G = H - N — H. Then the short exact sequence

1-N—->GZH-1
induces a short exact sequence

1—-U(N,E)—-U(G,E)—-UH) — 1
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Proof. It is enough to show that the morphism U(N, E) — U(G, E)
induced by the inclusion N C G is an injection. By Theorem 3.7,
the restriction morphism R(G,E) — R(N,FE) is surjective. Since
R(N, E) separates the points of A(N, F), we may apply Lemma 2.31
to S = R(N, E) to conclude that U(N, E) — U(G, E) is an injection.
|

3.5 Unipotent Analytic Groups

In this section we examine basic properties of unipotent subgroups
of a full complex linear group and their unipotent representations.
The results from this section are used along with Theorem 3.7 in
the proof of Cartan’s theorem (Proposition 3.15 of §3.6) on solvable
groups.

Let W be a finite-dimensional C-linear space, and let N be a
unipotent complex analytic subgroup of GL(W,C). Then N is a
nilpotent simply connected subgroup of GL(W,C) (Theorem 2.4). A
function on N (resp. on the Lie algebra £(N)) is called a polynomial
function of degree < k if it is the restriction to N (resp. to L(N)) of
a polynomial of degree < k in complex linear functions on Endc(W).

Lemma 3.10 Let N be a unipotent complex analytic subgroup of
GL(W,C). For any unipotent complex analytic representation of N,
p: N — GL(U,C), [p] consists of polynomial functions of degree
< mn, where m =dim W, and n = dimU.

Proof. Let expy, and expy denote exponential maps on GL(W, C)
and GL(U, C), respectively. Since N is unipotent, 1 —z is a nilpotent
linear transformation on W, and we have, for x € N,

H

logyy ( Z ~(1—2) (3.5.1)
=1

~.

Also, for z € N, we have

plx) = plexpy ology(z))
= expy odp(logy (2)). (3.5.2)

If n = L(N), every z € dp(n) is a nilpotent linear transformation of
U, and we have

expy(z) = Z lzZ (3.5.3)
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Let f € [p], and we write it in the form f = X o p, where A is a
linear function on Endc(U). Then it is now clear from the formulas
(3.5.1), (3.5.2), and (3.5.3) above that f is a polynomial function of
degree < mn. [ |

Corollary 3.11 If N is a unipotent complex analytic subgroup of a
general linear group GL(W,C), then every automorphism n of N is
a polynomial map of degree < m?, where m = dim W.

Proof. The assertion follows from Lemma 3.10 by letting U = W
and regarding the automorphism 7 of N as a representation of N on
wW. |

Proposition 3.12 Let W be a finite-dimensional C-linear space.
Any unipotent complex analytic subgroup of GL(W,C) is an alge-
braic subgroup of GL(W,C).

Proof. Let N* denote the Zariski closure of N in GL(W,C), and
let y € N*. Put A = P(GL(W,C)), the polynomial algebra of
GL(W,C). If f € A annihilates the elements of N, then f(y) = 0.
Define v/ : Ay — C by ¢/(fn) = f(y) for all f € A. Since y is
in the Zariski closure of N, 3/ is well defined, and is a C-algebra
homomorphism. Let n = L(N), and let n° = Homc(n,C). For any
A € n°, the composite Aolog : N — C is a polynomial function on
N, ie., Aolog € Ay, by what we have seen in the proof of Lemma
3.10 (see the formula (3.5.1)). Now, the map

A= y'(Aolog) :n° — C

is C-linear, and hence there exists z € n such that y'(A o log) = A(z)
for all A € n°. If x = exp(z), then we have

y'(Aolog) = (Aolog)(x) (3.5.4)

for all A € n°.

Let g € Ay. Using the same argument as in the proof of Lemma
3.10 (see (3.5.3)), we see that g o exp is a polynomial function on
n, and therefore g o exp is a polynomial in linear functionals A € n°,
i.e., g is a polynomial in the elements \ o log. Since 3’ is an algebra
homomorphism, the identity (3.5.4) yields y'(¢g) = g(x). This shows
that f(y) = ¢¥'(f) = f(z) for all f € A. Since the functions in
A separate the points of GL(W,C), y = = € N, and this proves
N*=N. ]
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Corollary 3.13 A unipotent complex analytic subgroup of GL(n,C)
1s closed and simply connected.

Proof. As an algebraic subgroup of GL(n,C), a unipotent complex
analytic subgroup G of GL(n,C) is closed. Also, by Theorem 2.4,
G is conjugate to a subgroup of U(n,C). Since U(n,C) is simply
connected, so are its closed analytic subgroups. Thus G is simply
connected. [ |

In light of Proposition 3.12, we next determine the polynomial
algebra of the algebraic group N.

Theorem 3.14 Let N be a unipotent complex analytic subgroup of
a full linear group GL(W,C). Then P(N) = R(N,N).

Proof. Clearly P(N) C R(N,N). To show P(N) D R(N,N), let
f € R(N,N), and express f = Xo p, where p : N — GL(U,C) is
a unipotent complex analytic representation, and where X is a C-

linear functional on End(U,C). By Lemma 3.10, f is a polynomial
function, and f € P(N) follows. |

3.6 Application to Solvable Groups

As an application of the extension theorem (Theorem 3.7), we prove a
result of Cartan on the existence of faithful representations of simply
connected solvable groups. We also examine the dimension of the
unipotent hull of solvable groups, which will be later generalized to
faithfully representable analytic groups (see Theorem 4.50).

Proposition 3.15 Let G be a simply connected, solvable complex
analytic group, and let M be a closed, nilpotent, normal complex
analytic subgroup of G such that G/M is abelian. Then there is a
faithful complex analytic representation of G which is unipotent on
M. In this case, we have

dimU(G, M) = dim G.

Proof. Let m = L(M), and let 7 be a faithful complex analytic
unipotent representation of the simply connected analytic group M.
To see that such a representation exists, we first choose, by Ado’s
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theorem ([6], Th. 5, p. 153), a finite-dimensional faithful nilpotent
representation of m:
m — gl(W,C),

and note that this representation is the differential of a unipotent
complex analytic representation, say

T:M — GL(W,C).

The connected unipotent group 7(M ) is simply connected, and ker(7)
is therefore connected. On the other hand, ker(7) is discrete because
the differential of 7 is faithful, and hence ker(7) = (1), proving that
7 is faithful. By Proposition 3.12, 7(M) is a unipotent algebraic
subgroup of GL(W,C).

The complex vector group G/M contains complex 1-parameter
subgroups Py, -, P, so that GG is obtained as successive semidirect
products

G=PF, --P-M.

We let Gy = M and o9 = 7, and for 1 < i < m define
Gi=PF,---P-M.
The complex analytic isomorphism M = 7(M) yields
R(M,M) = R(t(M), 7(M)).

On the other hand,

by Theorem 3.14, and hence the canonical map
T(M) — A(r(M),7(M))

is an isomorphism. Consequently, A(7(M),7(M)) is unipotent, and
we have an isomorphism

T(M) = A(r(M), 7(M)) = U(r(M),7(M)) = U(M, M).
This, in particular, shows that
dimU(M, M) =dim7(M) = dim M < oo. (3.6.1)
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We now prove, by induction on ¢, that the representation og extends
to an M-unipotent complex analytic representation o; of G; and that

dimU(G;, M) =dim M +1

for 0 < i < m. The case for ¢ = 0 is established in (3.6.1). As-
sume that og has been already extended to an M-unipotent complex
analytic representation o; of the group G;, and that

dimU(G;, M) =dim M + i < oo,

where 0 < ¢ < m — 1, and consider the exact sequence of solvable
groups
1— GZ — Gi+1 — Pz'—l—l — 1. (362)

G is a semidirect product G;+1 = P;11-G;, and since G/M is abelian,
the action of P11 on G;/M is trivial. Hence by Theorem 3.7 we
obtain an M-unipotent complex analytic representation g;11 of the
group G;11 which extends o;, and the restriction map

R(Gi—i-b M) - R(GZ7 M)
is surjective. The exact sequence (3.6.2) induces the exact sequence
1—>U(GZ,M) —>U(Gl+1,M) —>U(PZ+1) —1 (363)

by Corollary 3.9. Since P11 & C, we have dimU(P;11) = 1 (see
Example 2.28), and it follows from the exact sequence (3.6.3) and
from the induction hypothesis that

dimU(Gi41, M) =dimU(G;, M) +1=dimM + (i + 1) < oc.

This completes the proof of the assertion at the (i + 1)-th step. If we
let ¢ = oy, 0 is an M-unipotent complex analytic representation of
G, which extends 7, and

dimU(G, M) = dim U(Gp, M) = dim M +m = dim G.

To complete our proof of the proposition, choose any faithful complex
analytic representation of the vector group G/M, and compose it
with the natural morphism G — G/M to obtain a complex analytic
representation p of G with kernel M. The direct sum of o and p is a
desired faithful M-unipotent complex analytic representation. |
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Chapter 4

The Structure of Complex
Lie Groups

This chapter deals with the general structure theory of complex Lie
groups. Sections 4.2 and 4.3 are devoted to semisimple complex
groups, and the decomposition theorem of complex groups in §4.7
follows the discussions on reductive groups ([2], [9], [10], [13]).

If a complex (resp. real) analytic group G admits a faithful finite-
dimensional complex (resp. real) analytic representation, then we
shall simply say that G is faithfully representable.

4.1 Abelian Complex Analytic Groups
Structure of Abelian Complex Analytic Groups

Proposition 4.1 Let G be an abelian complex analytic group, and
let T' be the maximum compact subgroup of G. Then G = T* x U,
where T denotes the smallest complex analytic subgroup of G that
contains T', and U is a complex vector subgroup. If every complex
analytic representation of G is semisimple, then G = T*.

Proof. If we view GG as an abelian real analytic group, G/T is a real
vector group, and hence the analytic subgroup 7% /T is closed in G/T.
This shows that 7™ is also closed in G, and if we choose a complex
analytic subgroup U of G such that £L(G) = L(T*) & L(U), then
G =T*U. Consider the canonical homomorphism 7 : U — G/T*. It
is a covering morphism of the analytic group G/T*. Since G/T* is a
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quotient group of the real vector group G/T by the vector subgroup
T*/T, G/T* is also a real vector group and hence is simply connected.
Thus 7 is an isomorphism, and 7*NU = (1) follows. This shows that
G =T*- U is a direct product, and U is a complex vector group.
For the second assertion, suppose U is not trivial. Then the vector
group U has a faithful complex analytic unipotent representation
(see Example 2.6, (ii)), and the composite of this with the projection
G — U yields a nontrivial unipotent complex analytic representation
of G. |

A closed subgroup T of a complex Lie group G is called full in G
if £(T) spans L(G) over C and G = T'Gy, where Gy is the identity
component of G. (We note that T" is a real Lie subgroup as a closed
subgroup of a Lie group.) Proposition 4.1 thus states that if every
complex analytic representation of an abelian complex analytic group
G is semisimple, then the maximal compact subgroup 7" of G is full
in G. Later we shall see that every complex analytic representation
of a faithfully representable complex analytic group G is semisimple
if and only if G has a full compact subgroup (see Proposition 4.22).

Theorem 4.2 Let G be an abelian complex analytic group, and let T
be the maximum compact subgroup of G. Assume that T is full in G
and that dimgp T' = dimc G. Then every (real) analytic representation

p: T — GL(V,C)
extends uniquely to a complex analytic representation
p:G— GL(V,C).

Moreover, if p is faithful, then so is p.

Proof. The uniqueness of p follows from the fullness of 7" in G. We
now prove the existence of an extension p. Let g = £(G). Since T is
full in G, the canonical morphism of Lie algebras

CerL(T)—g

is a surjection, and hence an isomorphism because of the condition
dimg T' = dim¢ G. The abelian real analytic group GG can be written
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as a direct product G =T - U, where U is a real vector subgroup of
G, and hence g = L(T) @ L(U). If we view the exponential map

expg:9— G

as a surjective morphism of the complex vector group g onto G, and
its restriction to L(T")

expp: L(T) - T

as a morphism of real analytic groups, then exp. is an injection,
when restricted to £(U), and hence we have

ker(expg) = ker(expr). (4.1.1)

Since T is a compact group, the representation p is semisimple, and
each irreducible representation of 71" is 1-dimensional. Therefore we
may decompose the representation space V into 1-dimensional T-
stable linear subspaces V =V, @ --- @ V,,, and the differential dp of
p determines R-linear functions

fe : L(T)—R

such that, for each X € L(T), dp(X) acts on Vj as the multiplication
by v/—1fr(X). Let g denote the C-linear function

lc®fr:g=Cer L(T) - CorR=C.
Fixing a suitable basis for V' provided by the above decomposition
of V, we may identify GL(V,C) with GL(n,C), and gl(V,C) with
gl(n, C) so that, for each X € L(T), we have
dp(X) = diag(vV—1f1(X), -+, V—1fa(X)).
The complex representation o : g — gl(n,C), defined by

o(X) = diag(v-1g1(X), -,V ~1gn(X)),

is clearly an extension of the representation dp. If exp denotes the
exponential map exp : gl(n,C) — GL(n,C), the composite map

expoo : g — GL(n,C)
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is then a complex analytic representation of the complex vector group
g, and its restriction to L£(T) coincides with expodp = p o expy.
Hence expop maps ker(exps) to 1. Since dp = o on £(T'), (4.1.1)
implies that expoo maps ker(exps) to 1, and hence it induces a
unique complex analytic representation p : G — GL(n,C) so that
poexpg = expoo. Then poexps = expodp = poexpg on L(T),
from which we get p=p on T.

Now we show that if p is faithful, then so is p. Let z € ker(p),
and let Z € g such that z = exps(Z). Writing Z = Z; + v/—125
with Z1, 25 € L(T'), we have

I, = p(z) = (expoo)(2)
= exp(o(Z1) +vV—1o(Z3))
— diag(e\/—_lfl(zl)_fl(z2), . ’e\/__lfn(Zl)_fn(Z2))

Hence eV~1/t(Z1)=ft(Z2) — 1 and this implies fx(Z2) = 0 for all k,
obtaining dp(Z3) = 0. But dp is faithful on £(T"), and hence Zy = 0,
and we have Z € L(T') and z € T. Since p = p on T', and since p is
trivial on T', we have z = 1, proving that p is faithful. [ |

Complex Tori Recall (from §1.3) that any complex analytic group
isomorphic with (C*)" is called a complex torus. The maximum
compact subgroup of an n-dimensional complex torus has the real
dimension n, and we shall show below that this property actually
characterizes complex tori (Corollary 4.4). We need the following
result which we shall generalize to all complex analytic groups. (See
Theorem 4.30.)

Proposition 4.3 Let G be an abelian complex analytic group, and
let T be a compact full (real) analytic subgroup of G. If a complex
analytic representation p : G — GL(V,C) is faithful on T, then p
1s faithful, and G is an n-dimensional complex torus, where n =
dz’mRT.

Proof. We first identify the (real) torus T with the subgroup of the
complex analytic group D = (C*)". Then T is the maximal compact
subgroup of D, and T is full in D. Hence, by Theorem 4.2, there is
a faithful complex analytic representation 7 : D — GL(V,C) such
that T=ponT.
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Since the complex analytic representations 7 and p agree on T,
and since T is full in both D and G, we have 7(D) = p(G). We
consider the map 7~ Yo p : G — D. It is a surjective morphism,
and 771 op=1onT. Hence 77! o p induces a surjective morphism
G/T — D/T, which implies

dimg (D/T) < dimg(G/T).

On the other hand, the fullness of 7" in G implies that the canonical
map

LD)=CerL(T)—g
is surjective, and hence dimg D > dimg G. This implies
dimg(D/T) > dimg(G/T).
We now have dimg (D /T) = dimgr(G/T), and the map G/T — D/T
is a covering morphism, which is an isomorphism, because D/T is

simply connected. This readily implies that 7= o p: G — D is an
isomorphism. This shows that p is faithful, and G = D = (C*)". R

Corollary 4.4 LetT be the mazimum compact subgroup of an abelian
complex analytic group G, and suppose that T is full in G. Then these
are equivalent.

(i) dimg 7' = dimc¢ G;

(ii) G is faithfully representable;

(iii) G is a complex torus.

Proof. (ii)=-(iii) is a special case of Proposition 4.3, and (iii)=-(i)
is trivial. Since the compact group 7' has a faithful real analytic
representation, (i)=-(ii) follows from Theorem 4.2. |

As an immediate consequence of Corollary 4.4, we have

Corollary 4.5 A nontrivial compact complex analytic group G never
admits a faithful analytic representation. [ |
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4.2 Decomposition of the Adjoint Group

The aim of this section is to study the decomposition of the adjoint
group of a semisimple Lie algebra (Theorem 4.15), which will be
used in §4.3 for the global decomposition of semisimple Lie groups.
All Lie algebras are assumed to be finite-dimensional, unless stated
otherwise.

The Adjoint Group Let g be a real Lie algebra. The adjoint
representation ad of g maps each X € g to a derivation of g, and
hence ad(g) is a Lie subalgebra of Der(g). Der(g) is the Lie algebra
of the closed real Lie subgroup Aut(g) of GL(g,R), and the analytic
subgroup of Aut(g) that corresponds to the subalgebra ad(g) is called
the adjoint group of g, and is denoted by Int(g). Int(g) is generated
by the one-parameter subgroups expt ad(X) in Aut(g), where t € R
and X € g. Note that if G is a real analytic group with Lie algebra
g, then Int(g) = Ad(G), where Ad : G — GL(g,R) denotes the
adjoint representation of GG. Also note that if g is semisimple, then
Der(g) = ad(g) (Theorem A.13), and hence Int(g) = Auto(g).

A real Lie algebra g is said to be compact if the group Int(g) is
compact. The Lie algebra of a compact analytic group G is compact.
On the other hand, every compact real Lie algebra is isomorphic with
the Lie algebra of a compact analytic group.

We have the following general result on compact groups.

Lemma 4.6 Let G be a compact group, and let V be a continuous
G-module over R (resp. C). V admits a G-invariant inner product
(resp. Hermitian inner product) < , > , i.e.,

<z-u,x-v>=<u,v>

for allu,v eV and x € G.

Proof. We prove the lemma for the case in which V is a complex
G-module. Choose any Hermitian inner product (, ) on V. Given
u,v € V, the function f,, : G — C defined by f,,(z) = (z - u,z - v)
is continuous. Define

<u,v > :/ fup(z)de,
G
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where dr denotes a Haar measure on the compact group G normal-
ized so that fG dxr = 1. Then <, > is easily seen to be a Hermitian
inner product. We now show that <, > is G-invariant. For u,v € V
and y € G, we have

fy-u,y-v =Y fu,vy

and hence
<y uwy-v> = / fy-u,y-v(l‘)dw
G
SARECL
G
= / fup(z)de
G
= <u,v>
by the invariance of the Haar measure. [ |

Proposition 4.7 Let G be a real analytic group, and view the Lie
algebra g of G as a G-module under the adjoint action

(x,X)—z-X=Ad(z)(X): G xg—g.

An inner product < , > on the G-module g is G-invariant if and
only if it is an invariant bilinear form on g (see §A.1), i.e.,

<[Z,X],Y >+<X,[Z,Y] >=0 VX,Y,Z € g. (4.2.1)

Proof. For A € gl(g,R), let e/ denote the usual exponential of A.
For X, Z € g and t € R, we have

(exptZ)- X = et *4)(X),

and hence
%((exp tZ)-X)=[Z, (exptZ) - X] (4.2.2)

Assume that < , > is G-invariant. Then for X,Y, Z € g,
< (exptZ)-X,(exptZ)-Y >=< X,Y >, VteR.
Differentiating this with respect to ¢ at t = 0, we obtain (4.2.1).
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Suppose now that the inner product < , > satisfies (4.2.1). For
XY, Z € gand t € R, we have

it (exptZ)-X,(exptZ)-Y >

d
=<[Z, (exptZ)-X|, (exptZ)-Y>+<(exptZ)-X,[Z, (exptZ)-Y]|>
=0

by (4.2.1) and (4.2.2). Consequently, the map
t—< (exptZ) - X,(exptZ)-Y > R—R

is a constant function with the value < X,Y >, and since the one-
parameter subgroups of G generate the entire group G, this readily
implies that < , > is G-invariant. |

Now we study compact Lie algebras. For that, first recall the
following theorem. (See, e.g., Corollary 1, [26], Exposé 22°.)

Theorem 4.8 (Weyl) The universal covering group of a compact
semisimple analytic group is compact. [ |

Theorem 4.9 Let g be a real Lie algebra. Then the following are
equivalent.

(i) g is compact.

(ii) [g,g] is compact semisimple, and g = 3 @ (g, g], where 3 is the
center of g.

Moreover, if g is semisimple, then the conditions above are equivalent
to

(iii) The Killing form on g is negative definite.

Proof. Let s denote the Killing form on g.

(i)= (ii): Assume g is compact. Thus Int(g) is compact, and
by Lemma 4.6, the R-linear space g admits an Int(g)-invariant inner
product < , >, which is ad(g)-invariant by Proposition 4.7. For
Y € g, let (a;;(Y)) denote the matrix of ad(Y) with respect to a
fixed orthonormal basis Xi,---, X, of g. From

<ad(Y)(X:),X; > + < Xy, ad(Y)(X;) >=0
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for all 4,7, we see that the matrix of ad(Y') is skew symmetric, and
hence

k(YY) =Tr(ad(Y Zaw <0,

where the equality holds if and only if ad(Y') =0, i.e., Z € 3. Let a
denote the orthogonal complement of 3 in g. Then a is an ideal, and
k(Y,Y) < 0 for all nonzero Y € a. Since kg = K|qxq by Lemma A.1,
we see that k. is negative definite. It follows that a is a compact
semisimple Lie algebra, and a = [g, g].

(ii)= (i): Let g’ denote [g,g], and assume g = 3 & ¢ (dlrect
product), where g’ is compact semisimple. Then adg(g) = ady(g’),
and the restriction map

adg(Y) — ady (V) : adg(g') — ady (¢)
is an isomorphism of Lie algebras. Hence the restriction map
Int(g) — Int(g')

is a covering morphism of the Int(g’), which is compact and semisim-
ple by the assumption. Int(g) is therefore compact by Theorem 4.8,
i.e., g is compact, and (i) is proved.

(iii)= (i): Suppose g is semisimple and its Killing form & is neg-
ative definite. Since k is invariant on g (§A.1), it is Int(g)-invariant
by Proposition 4.7. Thus Int(g) is a closed subgroup of the compact
group O(k), the subgroup of GL(g,R) consisting of all transforma-
tions which leave k invariant, and hence Int(g) is compact, proving
(ii))= (i).

The proof for (i)=- (iii) is contained in the proof of (i)= (ii). W

Theorem 4.8 also provides the following consequence of Theorem
4.9.

Theorem 4.10 Let G be a semisimple real analytic group with Lie
algebra g. Then G is compact if and only if g is compact.

Proof. If G is compact, then so is Int(g) = Ad(G), and hence g
is compact. Conversely, suppose g is compact. The adjoint map
Ad : G — Int(g) = Ad(G) is then a covering morphism of the
compact group Int(g), and hence G is compact by Theorem 4.8. B
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Real Forms of a Complex Lie Algebra For a complex Lie
algebra g, let gr denote the real Lie algebra obtained from g by
restricting the action of C to R. Recall (§1.5) that a subalgebra
go of gr is called a real form of g if the canonical R-bilinear map
(¢, X) — cX : C x gg — g induces an isomorphism C ®g go = g of
complex Lie algebras, or equivalently, if g = go ® v/—1go. In this
case, the conjugation

X++vV-1Y —» X —v/-1Y

for X,Y € go is an isomorphism of the real Lie algebra gr with
itself. A compact Lie algebra which is also a real form of a complex
Lie algebra is called a compact real form of g.

For the proof of the following on the existence of a compact real
form of a complex Lie algebra, see, e.g., [9], Chapter III.

Theorem 4.11 Every semisimple complex Lie algebra g admits a
compact real form. Any two compact real forms of g are conjugate
via an element of the adjoint group of g. [ |

Let go be a real form of a complex Lie algebra g, and let kg, k,
and kg denote the Killing forms of gg, g, and gr, respectively. Then
we have

ko(X,Y) = K(X,Y), X,Y € go; (4.2.3)
kr(X,Y) = 2Re(r(X,Y)), X,Y € gg. (4.2.4)

In light of the semisimplicity criterion (Theorem A.12), we deduce
the following from (4.2.3) and (4.2.4).

Proposition 4.12 Lie algebras go, g, and gr are all semisimple if
and only if one of them is so. [ |

The negative definiteness of the killing form on a semisimple Lie
algebra (Theorem 4.9) yields

Proposition 4.13 Let g be a complex semisimple Lie algebra, and
let go be a compact real form of g. If 6 denotes the conjugation of g
with respect to the real form gg, define

Bo(X,Y) = —kqg(X,0(Y))
for X, Y € g. Then By is a positive definite Hermitian form on g. B
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Given a complex semisimple Lie algebra g, Bg will denote the
positive definite Hermitian form on g, which is associated with a
(fixed) compact real form go as in Proposition 4.13.

Theorem 4.14 For a complex Lie algebra g, Aut(g) is an algebraic
subgroup of GL(g,C), which is self-adjoint with respect to By.

Proof. We put B = By. Let X1, -+, X,, be a basis of g over C, and
let cfi ; € C be the structural constants of g, which are defined by

k=1

Then o € GL(g,C) is in Aut(g) if and only if « satisfies
o[X0 X)) — [a(X0),a(X))] = 0,1 < ij <n. (4.25)
Let

Oé(Xj) = Z akJ(a)Xk.
k

Then the functions o — ay j(c) are coefficient functions, and the
identity (4.2.5) holds if and only if the polynomials

k ..
E c%mak,iam,j - E Ci,jap,kn 1 < % ],D <n
k:,m 7'7.]

vanish on Aut(g). This shows that Aut(g) is an algebraic subgroup.
Next we show that if a € Aut(g), then o* € Aut(g). We first
establish the following:

B([X,Y],Z)=-B(Y,[0(X),Z]), X,Y,Z €g; (4.2.6)
fofBobof" =1, B € Aut(g).
In fact,
B([X7Y]7Z) = _Hg([X7Y]79(Z))
= k(Y. [X,0(2)])

I
x
L=
=
D
=
>
N

proving (4.2.6).
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For (4.2.7), use foad(X) = ad((X)) o B, X € g, to get
ad(B(X)) o ad(Y) = B oad(X) o ad(8~1(Y)) 0 51, X,Y € g,

and this, in turn, yields

rg(B(X),Y) = rg(X, 67H(Y)).

Now, for any X,Y € g, we have

tg(lofobof (X),Y) = krg(fobop(X),0(Y))
= Kg(f o p*(X), 8710 0(Y))

= Kg(B(X),00 57 0 0(Y))

= —B(B(X),7 0 0(Y))

= —B(X,0(Y))

= rg(X,Y),

N

and hence § o fo 6o *(X) = X, proving (4.2.7).

Returning to the proof of a* € Aut(g), it is enough to show
o ([X,Y]) = [a"(X),a"(Y)] for all X,Y € g. Let X,Y,Z € g. Then
using (i) and (ii) above, we have

B([a"(X),a"(Y)],Z) = —B(a*(Y),[fca”(X),Z])

—B(Y, a([f 0 " (X), Z]))
—B(Y,[a0f0o0a*(X),a(Z)])
—B(Y,[fo(foaocfoa)(X),a(Z)])
—B(Y,[0(X),a(2)])

= B([ ) ]7 ( ))
= B(a'([X,Y]), 2).
Hence o*([X,Y]) = [a*(X), a*(Y)], proving o* € Aut(g). |

Theorem 4.15 Let g be a semisimple complex analytic Lie algebra.
There exist an R-linear subspace S of g and a compact subgroup K’
of Auty(g) such that the map

(a, X) — ao(expoad(X)): K' x S — Auty(g)
18 an isomorphism of real analytic manifolds.
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Proof. Let go, 0, and By be as in Proposition 4.13. Then Aut(g)
(and hence Auty(g)) is a self-adjoint algebraic subgroup of GL(g,C)
by Theorem 4.14. According to Theorem 1.18, the multiplication
map

Y = (Auto(g) N U(g)) x (Auto(g) NP(g)) — Auto(G)

is an isomorphism of real analytic manifolds, where P(g) is the subset
of GL(g,C) that consists of all positive definite Hermitian elements.
Let

K' = {a S Auto(g) : a(go) C go}.

Then K’ = Auto(g) N U(g), and L(K') = ady(go). To see this, let
a € Autg(g). Then o € U(g) if and only if a=! = o*, or equivalently,
foa = aof (see the equation (4.2.7) in the proof of Theorem 4.14),
and the latter condition holds if and only if a(gg) C go, proving
K' = Auto(g) N U(g). We next show L(K') = adg(go). Since g
is semisimple, we have adgy(g) = Der(g) = L(Aut(G)), and L(K')
is a subalgebra of adg(g). Let X € g such that adyg(X) € L(K').
We need to show X € gg. For any ¢t € R and Y € gg, we have
exp(tad(X)) € K', and hence

X, Y] = ad(X)(V) = lim + (exp(tad(X))(¥) ~ V') € 2o

follows. This shows ad(X)(go) C go. Now write X = X; + v/ —1X5,
where X1, Xy € go. For Z € go, [X,Z] = [X1,Z] + V—-1[X2, Z] € g,
and we then have

V—=1[X2,2] = [X,Z] — [ X1, Z] € go N V—1go = (0),

which shows that X5 is central in gg. But gg is semisimple, and hence
Xy = 0, proving that X € go.

Since go = ady(go) is a compact semisimple Lie algebra, the sub-
group K’ is a compact semisimple real analytic subgroup of Aut(g)
by Theorem 4.10.

Now let S = v/—1go. Then

Auto(g) NP(g) = expoad(S).

In fact, Auto(g) N P(g) consists of exp(ad(X)), where X € g and
ad(X) is Hermitian, i.e., ad(X) satisfies the Hermitian condition:
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B([X,Y],Z) = B(Y,[X,Z]). But this condition is equivalent to
0(X)=—-X,1ie., X € /—1gyo = S. This may be seen as follows. For
Y, Z € g, the Hermitian condition yields

R([X,Y],0(2)) = w(Y,[0(X),6(2)])
= —r([0
= r([-0

from which it follows that ad(X) is Hermitian if and only if 6(X) =
-X. |

4.3 Semisimple Complex Analytic Groups

We now study complex semisimple analytic groups and their maximal
compact subgroups.

Theorem 4.16 Let G be a semisimple complex analytic group with
Lie algebra g, and let K be a real analytic subgroup of G such that
L(K) is a compact real form of g. Then

(i) K is semisimple, and is a maximal compact subgroup of G;
(i) Z(G) C K.

Proof. Let ¢ = L(K). ¢ (and hence K) is semisimple by Proposi-
tion 4.12. Under the hypothesis, g = £ ® /—1&, and K is a compact
semisimple real analytic subgroup of G by Theorem 4.10. The kernel
of the adjoint representation Ad of G is the center Z(G), which is
discrete, and we have G/Z(G) = Ad(G) = Auty(g). Let K’ denote
the analytic subgroup of Ad(G) = Auty(g) corresponding to the sub-
algebra adgy(€). By Theorem 4.15, g contains an R-linear subspace S
of g such that the map

(a, X) — ao(expoad(X)) : K' x § — Ad(G) (4.3.1)
is an isomorphism of real analytic manifolds. Since ady maps £ onto
L(K') = adg4(€) isomorphically, Ad(K) = K'. Let T = Ad~'(K’).
Then T is a closed real Lie subgroup of G, and the map

¢:G/T — Ad(G)/K’,
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defined by ¢(2T) = Ad(x)K' for z € G, is a homeomorphism.
Ad(G)/K' is simply connected, as it is homeomorphic with the real
Euclidean space S by (4.3.1), and hence G/T is simply connected.
This implies that T is connected, and T' = K follows. In particular,
we have Z(G) C K, proving (ii).

Now we prove (i). Suppose K is not maximal, and choose a
compact maximal subgroup M of G that contains K. Then M is
semisimple. To see this, it is enough to show that the center of
M is finite. Let x € Z(M). Then Ad(z) is trivial on ¢ and hence
also on g, because g is spanned (over C) by £. This shows that
x € Z(G), and Z(M) C Z(G) follows. Since Z(G) is finite, so is
Z (M), proving that M is semisimple. Now write £L(M) = td+/—1R,
where R = /—1L(M) N%. Since M contains K properly, R # {0}.
R is an ideal of ¢. In fact,

[R,€] C [V—1L(M),L(M)] = /—1L(M)

and
[R,¢] C [£, €] =¢,

and these imply that [R, €] C /=1L(M)NE = R, proving that R is an
ideal of . Then R++/—1R is an ideal of £++/—1¢ = g. Let P denote
the complex analytic subgroup of G whose Lie algebra is R++/—1R.
Then P is compact. In fact, the ideal £L(P) of the semisimple Lie
algebra £(M) is again semisimple, and is therefore compact. This
implies that P is compact. As a compact complex analytic group, P
is abelian (Theorem 1.19), and hence P = (1), proving R = 0. This
shows that K = M, and K is a maximal compact subgroup of G. i

Corollary 4.17 Let G be a semisimple complex analytic group. Then
the center of G is finite.

Proof. By Theorem 4.16, Z(G) C Z(K). Since K is a compact
semisimple analytic group, Z(K) and hence Z(G) is finite. |

Corollary 4.18 A maximal semisimple complex analytic subgroup
of a complex analytic group G is closed.

Proof. Let S be a maximal semisimple complex analytic subgroup
of G, and let R denote the radical of G so that we have G = RS and
S N R is discrete. As a discrete subgroup of S, SN R is a central
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subgroup of the complex semisimple group .S, and therefore it is finite
by Theorem 4.17. Now we form the (external) semidirect product
R x S with respect to the conjugation by the elements of S on R,
and consider the multiplication morphism p : R xS — G, given
by u(s,r) = sr. Since S N R is finite, so is ker(u), and thus the
surjective morphism g is a closed map. In particular, ;4 maps the
closed subgroup {1} x S of R x S onto S, proving that S is closed in
G. |

We now prove that every semisimple complex analytic group has a
faithful complex analytic representation. We begin with the following
lemma.

Lemma 4.19 Let G be a faithfully representable complex analytic
group G. If P is a finite central subgroup of G, then G /P is faithfully
representable.

Proof. Choose a faithful complex analytic representation
p:G— GL(V,C).

The finite subgroup p(P) is trivially Zariski closed in GL(V,C), and
if N denotes the normalizer of p(P) in GL(V,C), then N is a linear
algebraic group, and p(P) is a normal algebraic subgroup of N. The
quotient group N/p(P), being equipped with the structure of an
affine algebraic group, may be viewed as a linear algebraic group.
The canonical morphism 7 : N — N/p(P) then becomes a rational
representation of N whose kernel is p(P). The kernel of Top is exactly

P, and 7o p hence induces a faithful complex analytic representation
of G/P. ]

Theorem 4.20 A semisimple complex analytic group has a faithful
complex analytic representation.

Proof. Let G be a semisimple complex analytic group with Lie
algebra g, and let o : G — G be the universal covering of G. ker(o)
is a discrete central subgroup of é, and is finite by Theorem 4.17.
Our assertion follows as soon as we have shown that G has a faithful
complex analytic representation by Lemma 4.19. Thus replacing G
by é, if necessary, we may assume that G itself is simply connected.
Let K be a compact subgroup of G such that £(K) is a compact real
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form. Then K is a maximal compact subgroup of G by Theorem 4.16.
We identify g with C®r L(K), so that the differential of the inclusion
K — G becomes the canonical injection L(K) — C ®r L(K). The
compact group K has a faithful real analytic representation, say
p: K — GL(V,R). Since G is simply connected, there is a complex
analytic representation

0:G— GL(CxgV,C)
whose differential is the complexification of the differential dp:
lc®dp: Cor LIK) - Cogl(V,R) =gl(C®g V,C).

Since ker(Adg) is finite and central, we see that ker(Adg) C K. On
the other hand, it is clear that the restriction of o to K is faithful,
and hence the direct sum of ¢ and Adg

c®Adg:G— GL(CorV)®g,C)
is faithful. [ |

Remark 4.21 Theorem 4.20 is not true in general for real groups.
That is, there exists a semisimple real analytic group having a finite
center which does not admit any faithful analytic representations. To
construct such a group, let D be the kernel of the universal covering;:

o: SL(2,R) — SL(2,R).

Then D = Z. Choose a subgroup D; of D of index 2, and let
G = SL(2,R)/D;. Then G is a semisimple real analytic group with
finite center. We show that G does not admit any faithful analytic
representations. Assume the contrary, and suppose we have a faithful
analytic representation of G. We may then assume that G is a linear
group, say G C GL(n,C) for some n > 0. The Lie algebra g of G is
a subalgebra of gl(n,C), and has the complexification gc = g + ig in
gl(n,C). Let G¢ denote the complex analytic subgroup of GL(n,C)
corresponding to the complex Lie subalgebra gc in gl(n,C). Since
SL(2,C) is simply connected, the isomorphism s[(2,C) = g¢ is the
differential of the universal covering of G¢:

¢:SL(n,C) — Gc.
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Consider the diagram

g0

G SL(2,R)
Gc 3 SL(2,C)

where oy is a two-fold covering of SL(2,R) that is induced by o, and
the vertical maps are the inclusions. The diagram is commutative
since the corresponding Lie algebra diagram is so. But this is absurd:
the left vertical map is injective while the composite of the remaining
three maps is not. [ |

4.4 Reductive Complex Analytic Groups

A complex Lie group G is called reductive if G has a faithful complex
analytic representation and if each complex analytic representation
of (G is semisimple. The following proposition shows that the second
condition in this definition is equivalent to the fullness of a compact
subgroup.

Proposition 4.22 Suppose G is a complex analytic group. Every
complex analytic representation of G is semisimple if and only if G
has a full compact subgroup.

Proof. Assume that G has a full compact subgroup, @ say. Given
a complex analytic representation p : G — GL(V,C), let W be a
G-stable C-linear subspace of V. Choose a Hermitian inner product
<, > on V, so that p|g is a unitary representation of @) (Lemma
4.6). The orthogonal complement W+ to W in V (with respect to
<, >) is also a @-stable C-linear subspace of V. Since @ is full in
G, W is G-stable, proving that p is semisimple.

Conversely, assume that every complex analytic representation of
G is semisimple. In particular, the adjoint representation of G' (and
hence of g) is semisimple, i.e., Lie algebra g of G is reductive. Thus
g is the direct sum of its center and the commutator subalgebra g,
which is necessarily semisimple (see Theorem A.22). We then obtain
G = ZG', where Z is the identity component of the center of G, and
G’ is the commutator subgroup of G. Let T be the maximal compact
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analytic subgroup of Z. By Proposition 4.1, Z = U x T*, where T*
is the smallest analytic subgroup of Z that contains 7', and where U
is a complex vector subgroup of Z. Then T*G’ is a complex analytic
subgroup of G, and we have a direct product

G=Ux (T"G). (4.4.1)

In fact, we have G = UT*G’, and we need to show U NT*G’" = (1).
Let z € UNT*G’, and write 2 = zy, where x € T* and y € G'.
Then y =2~ '2 € ZNG'. But ZN G is finite as a central subgroup
of the semisimple complex analytic group G’ (Theorem 4.17), and it
is therefore contained in the maximum compact subgroup T of Z.
Hence y € T, and z = zy € T* NU = (1), proving z = 1. Thus
UNT*G' = (1), proving (4.4.1).

Now we show G = T*G’ by showing U = (1). If U # (1), the
complex vector group U has a faithful unipotent complex analytic
representation (Example 2.6 (ii)), and the composite of this with
the projection G — U is a nontrivial unipotent representation of
G. This contradicts the assumption that every complex analytic
representation of G is semisimple, and U = (1) follows. We now
have G = T*G’. The closed semisimple complex analytic subgroup
G’ has a full compact subgroup, @ say, by Theorem 4.16, and T'Q is
a full compact subgroup of G. [ |

Corollary 4.23 Let G be a reductive complex analytic group. The
identity component of the center of G is reductive, and is isomorphic
with a complex torus.

Proof. Retaining the notation used in the proof of Proposition 4.22,
the maximal compact subgroup T" of Z is full in Z, and Z is faithfully
representable as a subgroup of the reductive group GG. The assertion
therefore follows from Corollary 4.4. |

Proposition 4.22 together with the conjugacy of maximal compact
subgroups of a real analytic group provides the existence and the
conjugacy of maximal reductive subgroups.

Corollary 4.24 A faithfully representable complex analytic group
has a mazimal reductive complex analytic subgroup, and any two such
are conjugate to each other.
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Proof. Let G be a faithfully representable complex analytic group,
and let () be a maximal compact subgroup of G. Then () is full in the
smallest complex analytic subgroup Q* that contains Q. Thus every
complex analytic representation of Q* is semisimple by Proposition
4.22. Since Q* is faithfully representable, Q* is reductive. We now
show that Q* is a maximal reductive subgroup by showing that if
P is any reductive complex analytic subgroup of G, Q* contains a
conjugate of P. (This also shows the conjugacy of maximal reductive
subgroups.) There is a full compact subgroup C' of P by Proposition
4.22. By conjugacy of compact subgroups, there exists an element
x € G such that 27 'Cz C @, and hence z~ ! Pz C Q*. [ |

Later (see Theorem 4.48), we shall prove the conjugacy of max-
imal reductive subgroups directly, i.e., without using the conjugacy
of compact subgroups.

Proposition 4.25 If R is a compact analytic subgroup of a faithfully
representable complex analytic group G, then dimg R < dimc G.

Proof. Let R* be the smallest complex analytic subgroup of G that
contains R. Then R* is reductive by Proposition 4.22. Our assertion
follows as soon as we have shown that dimgR < dim¢ R*. Replacing
G with R* if necessary, we may assume that G itself is reductive.
Under this added assumption, the Lie algebra of G is reductive, and
hence we may write G = ZG’, where Z is the identity component
of the center of G and G’ is semisimple. Since G’ is semisimple, its
center is finite, and hence the central subgroup Z NG’ of G’ is finite.
By Corollary 4.23, Z is isomorphic with (C*)?, where d = dim¢ Z,
and hence the real dimension of the maximal compact subgroup of
Z is equal to dim¢Z. In particular, we have

dimp(R N Z) < dimc Z. (4.4.2)

On the other hand, R/(RN Z) = RZ/Z C G/Z. Since G/Z is
semisimple, and since R/(R N Z) is compact, we have

dimg(R/(RN Z)) < dime G/Z. (4.4.3)
Combining (4.4.2) and (4.4.3), we obtain dimgR < dim¢ G. |

The converse of Proposition 4.25 is not valid in general, but we
have a partial converse.
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Theorem 4.26 Let G be a complex analytic group and let QQ be a
mazimal compact subgroup of G. Suppose that Q is full in G and that
dimg Q < dim¢ G. Then G is faithfully representable. In particular,
G is reductive.

Proof. Since G has a full compact subgroup, every complex analytic
representation of G is semisimple by Proposition 4.22. In particular,
the Lie algebra of G is reductive, and hence G = ZG' and Z NG’ is
finite, where Z is the identity component of the center of G. Let T
be the maximal compact subgroup of Z, and let P be a real analytic
subgroup of the semisimple analytic subgroup G’ such that £(P) is a
compact real form of £(G’). Then P is a maximal compact subgroup
of G’ by Theorem 4.16. Q contains a conjugate of the compact group
TP, and we have

dimp T + dimg P = dimR(TP)
< dimc @ < dimc G
= dim¢ Z + dim¢ G

Since dimg P = dim¢ G, it follows that dimg7T < dim¢ Z. On the
other hand, we have T' = @ N Z, and since the real Lie algebra £(Q)
is reductive and spans (over C) the Lie algebra g of G, the center
of £(Q) spans L£(Z) over C. Therefore T is full in Z, and we have
dimg 7" > dimg¢ Z. This shows dimg 7' = dim¢ Z, and by Corollary
4.4, 7 is a complex torus. Consequently, Z has a faithful complex
analytic representation. We already know that the semisimple group
G’ has a faithful complex analytic representation (Theorem 4.20).
Thus Z x G’ is faithfully representable. Since G = (Z x G')/D for
some finite central subgroup D of Z x G’, G is faithfully representable
by Lemma 4.19. [ |

Remark 4.27 The condition dimg ) < dimc G in Theorem 4.26
becomes the actual equality under the fullness assumption of Q in
G. In this case, Theorem 4.26 states that if @ is full in G and
dimg @Q = dim¢ G, then G is reductive. That this condition actually
characterizes the reductivity will be established later in Theorem
4.31. |

4.5 Compact Subgroups of Reductive Groups

The following lemma is a special case of Proposition 1.34.
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Lemma 4.28 For real analytic groups G and H, we have
(Gx H)T=G" xH"
and the canonical map Yox o = VG X V- [ |

Theorem 4.29 If G is a compact real analytic group, the canonical
map v : G — G7 is injective, v(G) is a mazimal compact subgroup
of G, and L(v(G)) is a real form of L(GT). In particular, G is
faithfully representable and hence is reductive.

Proof. Since a real compact Lie group admits a faithful analytic
representation, 7 is injective, and L(y(G)) = Im(dy) is a real form
of L(GT) by Proposition 1.30. It remains to show that y(G) is a
maximal compact subgroup of G*. We first prove the assertion for
the special case in which G is either abelian or semisimple. If G is
abelian, then it is a (real) torus, and hence we identify G with the
subgroup of (C*)", where dimG = n. Then Gt = (C*)", and the
inclusion becomes the canonical map v : G — G7T. In this case,
7(@G) is the maximal compact subgroup of G*. Now assume that G
is semisimple. Since L(y(G)) = dv(L(G)) is a compact real form of
L(GT), v(G) is a maximal compact subgroup of £(G™) by Theorem
4.16. Having proved the assertion for these special cases, we assume
now G is an arbitrary compact real analytic group. The Lie algebra
of G is reductive, and hence we have G = ZG’', where Z denotes the
identity component of the center of G. The multiplication map

p:ZxG — G
is a covering morphism with finite kernel, and the induced morphism
pt i (ZxGHT =Gt

is also a covering morphism with finite kernel by Proposition 1.33.
Hence p™ maps a maximal compact subgroup of (Z x G')* onto a
maximal compact subgroup of G*. Let i and j denote the inclusion
maps of Z and G’ into G, respectively, and let o and 3 denote the
canonical injections of Z and G’ into Z x G’, respectively. Then from
poa =14, pof =j, weobtain ut oat =i, pto Bt =T,

Now we know that vz(Z) and ~v¢/(G') are maximal compact in
Z* and G'*, respectively, and vz (Z) x v (G’) is therefore a maximal
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compact subgroup of Z* x (G')*. Since ZT x (G")* = (Z x G')*
(see Lemma 4.28), we see that at(vz(Z))87 (v¢/(G)) is a maximal
compact subgroup of (Z x G')*. From the commutative diagram

+ +
Zt 2 (Zx Gt g Gt

we have p* (o (v2(2))B" (var(G"))) = 7(Z)¥(G") = 7(G), proving
that v(G) is a maximal compact subgroup of G*.

The last assertion of the theorem follows from dimg~y(G) =
dim¢(GT) and Theorem 4.26. |

We now generalize Proposition 4.3 to any complex analytic groups.

Theorem 4.30 Let G be a complex analytic group, and suppose G
has a full maximal compact subgroup Q. If p is a complex analytic
representation of G such that plq is faithful, then p is faithful.

Proof. Let 0 = p|g. Since @ is compact, o may be viewed as a
unitary representation. Hence the faithful representation o and its
dual o° generate Rep(Q) (see, e.g., [4], Prop. 3, p. 190). Since Q
is full in G, two complex analytic representations of G that coincide
on () are identical. Hence we may conclude that p and its dual
p° generate Rep(G), the set of all complex analytic representations
of G. Then ker(p) = ker(p°) is contained in the kernel of every
complex analytic representation of G. In fact, the subset £ of Rep(G)
consisting of all representations ¢ such that ker(p) C ker(¢) is easily
seen to be closed (see §2.1 for definition) and contains ker(p) and
ker(p°), and hence & = Rep(G) follows. Thus we shall show that
ker(p) is trivial by showing that G has a faithful complex analytic
representation. Since G contains a full compact subgroup, every
complex analytic representation of GG is semisimple by Proposition
4.22, and hence the Lie algebra g of G is reductive. We may write
G = ZG', where Z is the identity component of the center of G.
Since @ is a maximal compact subgroup of G, Q N Z must coincide
with the maximum compact subgroup of Z. In fact, we have the
following general statement: If K is a maximal compact subgroup
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of an analytic group L, and if A is any closed central subgroup of
L, then AN L is the maximal compact group of A. This follows
directly from the conjugacy of maximal compact groups of L. In
particular, Q N Z is connected, and its Lie algebra is the center of
L(Q). On the other hand, £(Q) is a real reductive Lie algebra, and
since £(Q) spans g over C, the center of £(Q) spans the center of g
over C. This shows that QN Z is full in Z, and by Proposition 4.3, p
is faithful on Z. The semisimple complex analytic group G/Z has a
faithful complex analytic representation, and hence G has a complex
analytic representation 7 such that ker(7) = Z. The direct sum of p
and 7 is then a faithful complex analytic representation of G. |

Now we are ready to characterize reductive groups in terms of its
maximal compact subgroups.

Theorem 4.31 Let G be a complex analytic group. The following
are equivalent.

(i) G is reductive.

(ii) If @ is a maximal compact subgroup of G, the inclusion Q — G
is a universal complexification of Q.

(ili) G contains a maximal compact subgroup @, which is full in G
and satisfies dimg @) = dim¢c G.

Proof. (i)=(ii): Assume that G is reductive. Then @) is also a full
maximal compact subgroup of Q% (Theorem 4.29). On the other
hand, since G is faithfully representable as a reductive group, we may
identify G with a complex analytic subgroup of a full complex linear
group, GL(V,C) say. Then the inclusion @ — GL(V,C) extends to
a complex analytic representation p : QT — GL(V,C). Since Q is
full in G, p maps QT onto G, and p is an injection by Theorem 4.30,
proving that p: QT = G.

(ii)=(iii) follows from Theorem 4.29.

(iii)=(i) is proved in Theorem 4.26 (see Remark 4.27). |

Corollary 4.32 If G is a reductive complex analytic group, then the
C-algebra R(G) is finitely generated.
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Proof. By Theorem 4.31, G is the universal complexification of any
of its maximal compact subgroups, @ say, and hence R(G) = R(Q)
by Proposition 2.18. Since @ is a compact Lie group, the C-algebra
R(Q) is known to be finitely generated (see, e.g., [4], Chap. VI), and
R(G) is thus finitely generated. ]

We next show that a group extension of a reductive group by a
reductive group is again reductive. To that end, we first prove

Lemma 4.33 Suppose that o : G1 — Go is a covering morphism of
complex analytic groups with finite ker(o). Then Gy is reductive if
and only if Go is reductive.

Proof. Let K; be a maximal compact subgroup of G1, and let
K9 = 0(K7). Then Kj is also a maximal compact subgroup of G,
and 0~ !(K3) = K;. Since o is a covering morphism, K7 is full in Gy
if and only if K> is full in G5, and we also have

dim(c Gl = dim(c G2 5 dimR Kl = dimR Kg. (4.5.1)

By Theorem 4.31, G; is reductive if and only if K; is full in Gj,
and dimg(K;) = dimc(G;) for ¢ = 1,2. This, together with (4.5.1),
implies that G is reductive if and only if G5 is reductive, proving
our lemma. [ |

The following lemma is an easy generalization of the well-known
result of Iwasawa, which states that if a locally compact group G
contains a closed normal real vector subgroup V such that G/V is
compact, then G splits over V, i.e., GG is a semidirect product of V
and a compact subgroup.

Lemma 4.34 Let G be a locally compact group which contains a
simply connected solvable real analytic group S as a closed normal
subgroup, and suppose that G/S is compact. Then G is a semidirect
product of S and a compact subgroup. [ |

Theorem 4.35 Let G be a complex analytic group, and K be a
closed normal complex analytic subgroup of G. If K and G/K are
reductive, then so is G.
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Proof. We first reduce to the case where K is abelian. Let Z be
the identity component of the center of K. Then Z is reductive by
Corollary 4.23. Now we show that G/Z is reductive. K/Z is a closed
semisimple normal complex analytic subgroup of G/Z. In general, if
b is a semisimple ideal of a finite dimensional Lie algebra § such that
h/b is reductive, then b is a direct summand of h. Applying this to the
Lie algebra of G/Z, we can find a normal complex analytic subgroup
U of G/Z such that G/Z = (K/Z)U and that (K/Z) N U is a
finite central subgroup of K/Z. Thus the multiplication (z,u) — xu
defines a covering morphism

(K/Z)x U — G/Z

with finite kernel. Let 0 : U — G/K be the restriction to U of the
canonical morphism G/Z — G/K. o is a covering morphism, and
its kernel is the finite group (K/Z) N U. By Lemma 4.33, U is a
reductive complex analytic group. Since the semisimple group K/Z
is reductive, the product (K/Z) x U is reductive, and it follows again
from Lemma 4.33 that G/Z is reductive. Replacing K by its central
subgroup Z, if necessary, we may assume that K itself is abelian.
In that case, the maximal compact subgroup T of the abelian group
K is normal (and hence central) in G, and the kernel K/T of the
canonical morphism 7 : G/T — G/K is a real vector group. Let Q
be a maximal compact subgroup of G/K. Then 7—1(Q)/(K/T) = Q,
and 7w~ 1(Q) splits over the vector subgroup K/T by Lemma 4.34. If
P/T is a compact subgroup of 7=1(Q) such that

Q) = (K/T) - (P/T)

(semidirect product), then P is easily seen to be a maximal compact
subgroup of G, and m maps P/T isomorphically onto Q. It follows
that

dimR P - dimR T = dimR(P/T) = dimR Q

On the other hand, since K and G/K are reductive, we have from
Theorem 4.31 that

dimg Q = dimc(G/K) = dimc(G) — dime(K);dimg T’ = dimc K.

It follows from the equalities above that dimg P = dim¢ G. Finally,
T and @ are full in K and @, respectively, and hence the maximal
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compact subgroup P is full in G. Now the reductivity of G follows
from Theorem 4.31. [ |

In §5.5, we shall also establish that if any two of the groups G,
K, and G/K in Theorem 4.35 are reductive, then so is the remaining

group.

4.6 Representation Radical

For a complex analytic group G, the intersection N(G) of all kernels
of semisimple complex analytic representations of G is called the
representation radical of G. This is a closed normal complex Lie
subgroup of G satisfying the property that the restriction to N(G)
of every complex analytic representation of G is unipotent, and it
may be characterized as the largest subgroup of G with this property.
Similarly, the representation radical N(G) of a real analytic group G
is defined to be the intersection of all real analytic representations
of G. Tt follows immediately from the definition of R(G, N(G)) (see
§2.6) that R(G) = R(G,N(G)).

In this section, we shall determine the representation radical of a
faithfully representable complex analytic group.

Proposition 4.36 Let G be a complex analytic group, and let N be
the radical of the commutator subgroup G' of G. If p: G — GL(V,C)
is a complex analytic representation, p(N) is a unipotent subgroup of
GL(V,C), and hence it is closed and simply connected.

Proof. Let g denote the Lie algebra of G, and let ¢ (resp. n) denote
the radical of g (resp. [g,g]) so that £(N) = n. By Proposition
A.18, n=[g,g] Nt =[g,t], and the differential dp maps n onto a Lie
subalgebra of gl(V,C) consisting of nilpotent linear transformations
of V. The complex analytic subgroup p(N) is therefore unipotent,
and by Corollary 3.13, p(IV) is closed and simply connected. [ |

Proposition 4.37 For a faithfully representable complexr analytic
group G, the commutator subgroup G' of G is closed in G.

Proof. Let p be a faithful complex analytic representation of G. Let
R be the radical of G and let S be a maximal semisimple analytic
subgroup of G. We form the (external) semidirect product R x S
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with respect to the homomorphism S — Aut(R) induced by the
conjugation, and we consider the multiplication map p: Rx S — G.
This is a surjective homomorphism with kernel

{(z,2™ Yz € RN S}.

Since R NS is finite as a central subgroup of S (Theorem 4.17),
ker(u) is finite, and hence p is a closed map. Moreover, 1 maps
the commutator subgroup (R x S) of R x S onto G'. Therefore
to show that G’ is closed in G, it is enough to show that (R x S)’
is closed in R x S. Let g denote the Lie algebra of G, and let ¢
be the radical of g. We first note that (R x S)' = [G, R] x S, where
[G, R] is the analytic subgroup corresponding to the subalgebra [g, t].
Let N be the radical of the commutator subgroup G’. In the proof
of Proposition 4.36, we have established [G, R] = N, and hence by
Proposition 4.36 p([G, R]) is a closed unipotent subgroup of the full
linear group of the representation space of p. It follows that p(|G, R])
is closed in p(R), and, consequently, [G, R] is closed in R. It is now
clear that (R x S) =[G, R] x S is closed in R x S. |

Theorem 4.38 Let G be a faithfully representable complex analytic
group, and let N be the radical of the commutator subgroup G' of G.
Then

(i) N is closed, nilpotent, and simply connected;

(ii) If p is a complex analytic representation of G, then p(N) is
unipotent;

(iii) G/N has a faithful semisimple complex analytic representation.

Proof. (ii) is proved in Proposition 4.36.

We fix a faithful complex analytic representation o : G — GL(V,C)
of G. By Proposition 4.36, the subgroup o(N) is closed in GL(V,C)
and is simply connected, and this readily implies that N = o~ 1(o(V))
is closed in G and is simply connected, proving (i).

We now prove (iii). Our proof is divided into several parts.

(a) G/G" admits a faithful complex analytic representation.

Let R denote the radical of G, and let S be a maximal semisimple
complex analytic subgroup of G. R N S is finite as a central subgroup
of the semisimple complex analytic group S. The relations

G=RS, G'=NS, RONG'=RNNS=N(RNS)
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imply that
(RNG)/N = N(RNS)/N = (RN S)/(NNS)
is finite, and the isomorphisms
G/G' = RG'/G' = R/(RNG') = (R/N)/(RNG')/N)

show that G/G’ is the quotient group of R/N by the finite sub-
group (RN G')/N. By Lemma 4.19, it is therefore enough to show
that R/N admits faithful complex analytic representation. Let T
be the maximum compact subgroup of the abelian group R/N, and
let 7 : R — R/N be the canonical map. Since 7~ Y(T)/N = T
is compact and since N is a simply connected nilpotent subgroup,
7~ Y(T) contains a compact subgroup P such that 7=!(T) = PN and
PN N = (1) (Lemma 4.34). Let ¢’ be the semisimple representation
associated with o (see §2.1). Since P is compact, o|p is semisimple,
and hence o|p and o’|p are equivalent (Lemma 2.2). This implies
that ¢/ : G — GL(V',C) is faithful on P. On the other hand,
o' maps N to 1, and hence it induces a representation 7 of G/N
which is faithful on "= PN/N. By Proposition 4.3, 7 is faithful on
the smallest analytic subgroup T of R/N that contains T. Write
R/N =T* x U, where U is a complex vector subgroup (Proposition
4.1). Since U is faithfully representable, it follows that R/N admits
a faithful complex analytic representation.

(b) The abelian group G/G’ has a faithful semisimple complex
analytic representation.

Write G/G" = C* x W, where C* is the smallest complex analytic
subgroup of G that contains the maximum compact subgroup C of
G/G', and W is a complex vector subgroup of G/G’ (Lemma 4.1).
Since G/G’ is faithfully representable by (a), so is C*, and hence it is
reductive by Proposition 4.22. On the other hand, the vector group
W also has a faithful semisimple complex analytic representation
(see Example 2.6). Thus G/G’ = C* x W has a faithful semisimple
complex analytic representation.

(¢) G/N has a semisimple complex analytic representation ¢
whose kernel is G'/N.

Since G’ is closed in G (Proposition 4.37) and contains N, (G/N)’
is also closed in G/N, and G/G' is isomorphic to the quotient group
(G/N)/(G/N). G/G" has a faithful semisimple complex analytic
representation by (b), and the composite of this with the canonical
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map G/N — (G/N)/(G/N)" provides a semisimple complex analytic
representation ¢ of G/N whose kernel is (G/N)' = G'/N.

(d) The quotient group G/N has a faithful semisimple complex
analytic representation.

Let S be a maximal semisimple complex analytic subgroup of
G, and let ¢’ denote the semisimple representation associated with
o (see §2). Then the representations o|g and ¢'|g are equivalent
by Lemma 2.2. In particular, ¢’ is faithful on S. Since o/(N) is
trivial, ¢’ induces a representation ¢ of G/N, which is faithful on
SN/N = G'/N = (G/N)'. The direct sum of ¢ and v is a faithful
semisimple complex analytic representation of G/N. [ |

Corollary 4.39 Let G be a faithfully representable complex analytic
group. Then the representation radical N(G) of G coincides with the
radical of the commutator subgroup G’ of G.

Proof. Let N denote the radical of the commutator subgroup G’.
The composite of the canonical morphism G — G/N and the faithful
semisimple representation of G/N in Theorem 4.38 (iii) provides a
semisimple representation of G with kernel N, and hence N(G) C N.
On the other hand, N C N(G) by Theorem 4.38 (ii), and N = N(G)
follows. [ |

The following proposition establishes the relationship between
N(G)*" and N(G™"), when G is a real group.

Proposition 4.40 Let G be a faithfully representable real analytic
group. Then N(G)T =2 N(GT).

Proof. Put N = N(G) and Nt = N(G)", and let g, g, n, and n*
denote the Lie algebras of G, G, N, and N7, respectively. A real
analytic representation p : G — GL(V,C) is semisimple if and only
if the induced representation p* : Gt — GL(V,C) is semisimple,
and hence it follows from the definition of the representation radical
that the canonical injection v : G — G maps N into N(GT). Let
~o denote the restriction of v to N. Thus there is a unique complex
analytic homomorphism

7 Nt — N(GT)
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such that 7/ on = 79, where n : N — N7 denotes the canonical
injection. We claim that 4/ is an isomorphism. We first note

dim¢ N(GT) = dime Nt (= dimg N).

In fact, if we identify g with its image dy(g) in g* for convenience,
then g is a real form of the complex Lie algebra g™, and the identity
above follows from

L(N(GT)) = Rad(lg",g"])
= Rad(C®[g,g])
= C® Rad([g,g])
= C®n.

This equality shows that dy(n) spans L(N(G*)) over C. Since dn(n)
is a real form of n*, it follows from dy o dn = dyy that dvy is
surjective, and hence is an isomorphism because of dim¢ N(GT) =
dimc NT. This means that «/ is a covering morphism of N(G™).
But N(G™) is simply connected, and so 4" must be an isomorphism,
proving our assertion. [ |

4.7 Faithfully Representable Groups

The purpose of this section is to study complex analytic groups which
admit faithful analytic representations. We begin with a result which
is analogous to the Iwasawa’s Theorem (cf., Lemma 4.34) for analytic
groups, where compact groups play the role of reductive groups.

Proposition 4.41 Let G be a complex analytic group, and let S be
a closed simply connected normal solvable complex analytic subgroup
of G. If G/S is reductive, then G is a semidirect product of S and a
mazimal reductive subgroup of G.

Proof. Choose a maximal compact subgroup ) of the reductive
group G/S, and let K be the inverse image of @ in G under the
canonical morphism 7 : G — G/S. Thus K/S is compact, and we
have a semidirect product K = P - S of real Lie groups (Lemma
4.34), where P is a compact subgroup of K, which is necessarily a
maximal compact subgroup of G. As a reductive group, G/S has
a faithful complex analytic representation, and hence there exists a
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complex analytic representation p of G whose kernel is exactly S.
The representation p is faithful on P because P meets S trivially,
and hence by Theorem 4.30, p is faithful on the smallest complex
analytic subgroup P* that contains P. Thus P* NS = (1). Since
Q =n(P) C n(P*), n(P*) = P*S/S = G/S follows from the fullness
of @ in G/S. Thus G = P*S, proving that G is a semidirect product
of S and the reductive subgroup P*. Since P is a maximal compact
subgroup of G, P* is a maximal reductive subgroup of GG, and this
completes the proof. [ |

Before we discuss the decomposition theorem (Theorem 4.43),
we first consider the groups admitting a faithful semisimple complex
analytic representation.

Proposition 4.42 Let G be a complex analytic group, and suppose
that G has a faithful semisimple complex analytic representation.
Then G = U x H, where U is a complex vector group, and H is
a reductive complex analytic group.

Proof. Under the hypothesis, the Lie algebra g of G admits a
semisimple faithful representation, and therefore g is reductive by
Theorem A.22. We have G = ZG', where Z denotes the identity
component of the center of G. If T is the maximum compact sub-
group of the abelian group Z, then Z = U xT™*, where U is a complex
vector subgroup of Z and T* denotes the smallest complex analytic
subgroup that contains T'. If we put H = T*G’, then G = U x H (see
(4.4.1) in the proof of Proposition 4.22). It remains to show that H
is reductive. Since H contains a compact full subgroup, namely, T'Q),
where () is a maximal compact subgroup of the semisimple group G’,
H is reductive by Proposition 4.22. [ |

The Decomposition Theorem The result below characterizes
the faithfully representable complex analytic groups.

Theorem 4.43 Let G be a complex analytic group. G is faithfully
representable if and only if G is a semidirect product H-K where K is
a closed simply connected normal solvable complex analytic subgroup,
and H is a reductive analytic subgroup of G.

Proof. First assume that G is faithfully representable, and let N
denote the representation radical of G. Since G/N has a faithful
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semisimple complex analytic representation (Theorem 4.38, (iii)),
G/N = U x R, where R is a reductive complex analytic subgroup
and U is a complex vector subgroup of G/N (Proposition 4.42). Let
K be the subgroup of G containing N such that K/N = U. K is
a simply connected closed normal complex analytic subgroup of G,
and G/K = R is reductive. By Proposition 4.41, G is a semidirect
product of K and a reductive group H.

Now we assume G = H - K (semidirect product), where K is a
closed simply connected solvable normal complex analytic subgroup
of GG, and H is a reductive complex analytic subgroup. We claim
that G is faithfully representable. In fact, we prove this in somewhat
stronger form for later use: If M denotes the maximum nilpotent
normal complex analytic subgroup of K, then G admits a faithful
Mpy-unipotent complex analytic representation. Let g = £(G), and
put ¢ = L(K), h = L(H), and L(My) = m,. By Proposition 3.15,
there is a faithful My-unipotent complex analytic representation ¢
of K, and dimU (K, My) = dim¢c K < oo. We also have [h, €] C m,
(by Proposition A.20), and this implies that the canonical action
of H on K/Mj induced by conjugation is trivial. By Theorem 3.7,
the representation ¢y extends to an My-unipotent complex analytic
representation ¢ of G. On the other hand, the composite of the
projection G — H and any faithful complex analytic representation
of the reductive group H defines a representation ¢ of G having K
as its kernel. The direct sum of ¢ and o is a faithful My-unipotent
complex analytic representation of G. [ |

Nucleus of Lie Groups By a nucleus of a complex Lie group G,
we mean a closed, normal, solvable, and simply connected complex
analytic subgroup K of G such that G/K is reductive. We note
that if K is a nucleus of a complex analytic group G, then G is a
semidirect product of K and a maximal reductive analytic subgroup
of G by Theorem 4.41. Therefore by Theorem 4.43, we see that G
admits a nucleus if and only if G is faithfully representable. We also
have

Proposition 4.44 A nucleus of a faithfully representable complex
analytic group G contains the representation radical of G.

Proof. Let K be a nucleus of G. Then G/K is reductive, and
hence has a faithful semisimple complex analytic representation ¢.
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The composite of this representation with the canonical morphism
G — G/K yields a semisimple complex analytic representation of G
with kernel K. From the definition of N(G), we see that N(G) C K.
|

Now we generalize Proposition 3.15 to any faithfully representable
groups. For that we need

Lemma 4.45 Let G be a faithfully representable complex analytic
group, and let M be the mazimal nilpotent normal complex analytic
subgroup of G. If M is simply connected, then there is a nucleus K
of G such that M C K.

Proof. Let R denote the radical of G. Then M C R, and the abelian
complex analytic group R/M is a direct product of a complex vector
subgroup and a complex torus. Since M is assumed to be simply
connected, R contains a simply connected solvable normal complex
analytic subgroup K such that M C K and that R/K is a complex
torus. Since G/R is semisimple, and since G/R = (G/K)/(R/K), it
follows from Theorem 4.35 that G/ K is reductive, i.e., K is a nucleus
of G. |

Theorem 4.46 Let G be a faithfully representable complex analytic
group, and let M be the mazximum nilpotent normal complex analytic
subgroup of G. If M is simply connected, then there is a faithful
M -unipotent complex analytic representation of G.

Proof. Let K be a nucleus of G that contains M (Lemma 4.45).
Clearly M is contained in the maximum nilpotent normal complex
analytic subgroup of K, and hence, by the last part of the proof of
Theorem 4.43, G admits a faithful M-unipotent complex analytic
representation. [ ]

4.8 Conjugacy of Reductive Subgroups

In this section we reestablish the conjugacy of maximal reductive
subgroups directly, i.e., without reference to the conjugacy of maxi-
mal compact subgroups (cf., Corollary 4.24).

Let G be an abstract group, and, for a G-module V', a function
f:G — Viscalled a 1-cocycle of G (with values) in V' if f satisfies

flzy) = f(z) +z- f(y) for 2,y € G.
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A cocycle f is called a 1-coboundary if there exists an element v € V
such that
fle)=v—z-vforal zedq.

In the case where G is a Lie group and V is an analytic G-module, we
can talk about analytic cocycles or coboundaires of G. Throughout
the remainder of this section, K denotes either R or C, and also
the analyticity refers to either a real or complex one depending on
whether G is a real or complex analytic group. The following is a
key lemma.

Lemma 4.47 Let G be a reductive analytic group. For any finite
dimensional analytic G-module V', every analytic 1-cocycle of G in
V' is a coboundary.

Proof. Let f : G — V be a 1-cocycle, and we define an action of G
on the direct sum V & K by

z-(v,a) = (af(z)+z-v,a),

where x € G, v € V, and a € K. The cocycle identity implies that
the above defines an analytic G-module structure on V & K, which
contains V' as a G-submodule. Since G is reductive, there is a G-
module complement for V in V & K, which is 1-dimensional. There
is an element v € V such that (v,1) spans this complement over
K. Since the reductive group G acts trivially on any 1-dimensional
G-module, we have f(x) +x-v = v for all z € G, proving that f is
a coboundary. [ |

Theorem 4.48 Let G be a faithfully representable analytic group,
and suppose G is a semidirect product G = K - P, where K is a
nucleus of G and P is a closed reductive analytic subgroup of G. If Q
18 any closed reductive Lie subgroup of G, then there exists an element
u € N(G) such that uQu~' C P. In particular, P is a maximal
reductive subgroup, and any two maximal reductive subgroups are
conjugate by an element of N(G).

Proof. We put N = N(G). Since N is the radical of the commutator
subgroup [G, G] (Corollary 4.39), we have N = [G, R] by Proposition
A.18, where R is the radical of G. We prove the assertion using
induction on dimg N. First we assume N = (1). Then R is central
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in G, and since K C R, we see that the semidirect product G = K- P
is a direct product. Let n denote the restriction to ) of the projection
map from G = K - P onto K. Then n(Q) is a reductive subgroup of
the vector group K, and hence must be trivial. This shows @) C P,
proving our assertion in the case of N = (1). Now we assume that
N # (1). The center Z of N is a normal (vector) subgroup of G, and
if 7 : G — G/Z denotes the canonical morphism, then by induction
hypothesis there exists an element ' € N(G/Z) = N(G)/Z such
that v/7(Q)(u')~! C 7(P). This shows that uQu~! C ZP for some
u € N(G), and replacing uQu~! by Q, if necessary, we may assume
that Q C ZP. Noting that the subgroup ZP is a semidirect product
(ie, ZNP = (1)), let ¢ : Q@ — Z and 7w : Q — P denote the
projections (restricted to Q) of ZP onto Z and P, respectively, so
that x = ((z)m(x). We write the group operation of the vector group
Z additively, and view it as an analytic -module, where () acts on Z
by z-z = n(x)zm(x) L. Then ((zy) = ((z)+z-((y) for all 2,y € Q,
i.e., ¢ is a cocycle of ) with values in Z. By the lemma above, it is
a coboundary, and hence there exists an element v € Z such that

((x)=v—z-v
for all z € Q). Thus, for x € ), we have
ar(@) ™ = ((2) = vr(@)v (),

1

and this implies v~ 'zv = 7(x) € P, proving v 'Qu C P. |

4.9 Unipotent Hull of Complex Lie Groups

Here we prove that the unipotent hull of a faithfully representable
complex analytic group is finite-dimensional. See Remark 3.8 for its
significance.

Proposition 4.49 Let K be any nucleus of a faithfully representable
complex analytic group G. Every N(G)-unipotent complex analytic
representation of K extends to a complex analytic representation of
G. In particular, the restriction map

R(G) = R(G,N(G)) — R(K,N(Q))
18 surjective.
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Proof. Put N = N(G). G may be written as G = H - K (semidirect
product), where H is a maximal reductive complex analytic subgroup
of G (Theorem 4.43). Then we have [G,R] = N, where R denotes
the radical of G (see the proof of Proposition 4.36). K C R yields
[G, K] C N, and this implies that the action of H on K/N induced by
conjugation action of H on G is trivial. We have dimU (K, N) < oo
by Proposition 3.15, and thus every N-unipotent complex analytic
representation of K extends to a complex analytic representation of
G by Theorem 3.7. The second assertion of the proposition follows
from Lemma 3.5. [ |

Theorem 4.50 If G is a faithfully representable complex analytic
group, then
dimU(G) = dimc K

where K is any nucleus of G.

Proof. Let N = N(G). We have R(G,N) = R(G); U(G) =
U(G,N), and the restriction morphism

R(G,N) — R(K,N)
is a surjection by Proposition 4.49, and we have the exact sequence
1—-UK,N)—-UG,N)—-UH)—1 (4.9.1)

by Corollary 3.9. Since H is reductive, U(H) = (1) (see §2.7), and
the exactness of the sequence (4.9.1) gives an isomorphism

U(K,N) = U(G,N).

On the other hand, dim U (K, N) = dim¢ K by Proposition 3.15, and
hence we have dim U (G) = dim¢ K. |
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Chapter 5

Algebraic Subgroups in
Lie Groups

In this section we shall examine the question of when a complex
Lie group G may be given the structure of an affine algebraic group
which is compatible with its analytic group structure in the sense that
the rational representations of G are exactly the complex analytic
representations of G. To answer this question in a more general
context, we introduce and study the notion of algebraic subgroups
in a complex Lie group ([12], [23], [24]).

5.1 Affine Algebraic Structure in Lie Groups

A complex Lie subgroup K of a faithfully representable complex
analytic group G is called an algebraic subgroup of G if the restriction
algebra R(G)k (i.e., the restriction to K of the functions in R(G))
is finitely generated as a subalgebra of R(K), and if K is an affine
algebraic group with R(G)g as its polynomial algebra, i.e., P(K) =
R(G)k. Recalling from §2.3 that Aut(R(G)f ) denotes the pro-affine
algebraic group consisting of all proper automorphisms of the fully
stable subalgebra R(G)k, it follows immediately from the definition
that a closed complex Lie subgroup K of G is an algebraic subgroup
if and only if the following two conditions are satisfied:

(i) R(G)k is finitely generated;

(ii) The canonical map = — 7, : K — Autg(R(G)k), where
(f) =z f, f € R(G)k, is an isomorphism of groups.
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It is evident from the definition that, for any algebraic subgroup K
of GG, the affine algebraic group structure of K is determined not by
the analytic group structure of K itself, but entirely by the analytic
structure of the ambient group G.

Proposition 5.1 Let K be a closed complex Lie subgroup K of a
faithfully representable complex analytic group G. Then the following
are equivalent.

(i) K is an algebraic subgroup of G.

(ii) The canonical injection 7 : G — A(G) maps K to an (affine)
algebraic subgroup of the pro-affine algebraic group A(G).

If K is an algebraic subgroup of G, then the restriction to K of every
complex analytic representation of G is rational.

Proof. (i) =(ii): We need to show that if g € P(A(G)) = R(G),
then g o 7 € P(K). Write g as g = € o1, where

¥ : A(G) — GL(V,C)

is a rational representation, and ¢ : End(V) — C is a linear function.
Then ¢ o7 : G — GL(V,C) is a complex analytic representation,
and hence o (¢ o7) € R(G). Thus

gotx =(goT)k =(copoT)k € R(G)g = P(K)

follows.

(ii)=(i): Since 7(K) is an (affine) algebraic subgroup of A(G),
P(7(K)) is finitely generated and we have P(7(K)) = P(A(G))r(x) =
R(G)r(k)- Transferring the affine algebraic group structure of 7(K)
to K by means of the group isomorphism 7x, we obtain an affine
algebraic group structure on K so that P(K) = R(G)k.

For the last assertion, let p : G — GL(V, C) be a complex analytic
representation. We must show that if n is any C-linear function on
the linear space Endc(V), then nopg € P(K). But nop € R(G),
and hence no px = (nop)x € R(G)x = P(K). |

Note that an algebraic subgroup K of a faithfully representable
complex analytic group G is necessarily closed. To see this, choose
any faithful complex analytic representation p : G — GL(V,C).
Then pg is rational by Proposition 5.1, and p(K) is therefore Zariski
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closed (and hence Euclidean closed) in GL(V,C), and this implies
that K is closed in G.

Remark 5.2 It follows from Proposition 5.1 that if A and B are
algebraic subgroups of GG such that A normalizes B, then AB is an
algebraic subgroup of G. In fact, 7(A) and 7(B) are algebraic sub-
groups of the pro-affine algebraic group A(G) with 7(A) normalizing
7(B), and hence their product 7(A)7(B) = 7(AB) is an algebraic
subgroup of A(G). Consequently, AB is an algebraic subgroup of G
by Proposition 5.1. [ |

5.2 Extension Lemma

The main purpose of this section is to prove a key lemma on the
extension of analytic representations and representative functions of
certain normal subgroups for later use. We begin with the following
technical lemma on Lie algebras.

Lemma 5.3 Let g be a (finite-dimensional) Lie algebra over a field
of characteristic 0, and assume that g is a semidirect sum g = a @ €,
where € is a solvable ideal of g, and a is a complementary subalgebra
that is reductive in g. If m = [g €|, then € contains a nilpotent
subalgebra B such that € = h + m (not necessarily semidirect sum)
and that by centralizes a.

Proof. Let 3 be the centralizer of a in & that is,

3={zet:|r,a =(0)}

Then ¢ = 3 +m. In fact, since ad(a)(t) C m for all @ € a, m is
ad(a)-stable. Since ¢ is semisimple as an a-module under the adjoint
representation, there exists an ad(a)-stable subspace B of ¢ such that
t = B&m (as a-modules). Now [a, B] C BNlg, €] = (0) implies B C 3,
and £ = 3+ m follows. If x € 3 is a regular element of the Lie algebra
3, then

h={yejs:ad(x)(y) =0 for some i}

is a Cartan subalgebra of 3, and we have the decomposition 3 = h+c,
where ¢ is a subspace of 3 with ad(x)(¢) = ¢ (see §A.4). Hence ¢ C m,
and £ = b + m follows. [ |
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Lemma 5.4 Let F' be a closed normal complex analytic subgroup of
a faithfully representable complex analytic group G, and assume that
G/F is isomorphic with a complex vector group. Let N(G) denote
the representation radical of G, and H a mazimal reductive subgroup
of G. Then

(i) HN(G) is a closed normal subgroup of G;
(i) HN(G) C F;

(iii) Every N(G)-unipotent complex analytic representation of F ex-
tends to an N(G)-unipotent complex analytic representation of

G.

In particular, the restriction map R(G, N(G))(= R(G)) — R(F,N(G))
18 surjective.

Proof. Let N = N(G).

(i) Let # : G — G/N be the canonical morphism. By Theorem
4.38 and Proposition 4.42, we have G/N = U x D, where U is a
complex vector subgroup, and D is a reductive subgroup, which is
necessarily the (unique) maximal reductive subgroup of G/N. Thus
we have HN = 7~ 1(D) by Proposition 4.41, and since D is closed
and normal in G/N, (i) follows.

(ii) Since G/F is abelian, the commutator subgroup G’ C F,
and N is contained in F as N is the radical of G’ (Corollary 4.39).
Consider the isomorphism

HF/F =~ H/(HNF).

On the one hand, HF/F is a complex vector group as a complex
analytic subgroup of the complex vector group G/F. On the other
hand, the abelian group H/(H N F)) is a complex torus as a homo-
morphic image of the reductive group H. Thus HF/F is trivial, and
H C F follows. This shows that HN C F, proving (ii).

(iii) Write G as a semidirect product G = H - K, where K is
a nucleus of G. By Lemma 5.3, K contains a simply connected
nilpotent complex analytic subgroup P such that K = PN and that
P centralizes H. Then G = PNH = PF, and clearly we have
[P,G] C N. Since G/F is a vector group and G = PF, we can
find complex one-parameter subgroups Pi,---,P. C P such that
G is expressed in successive semidirect products G = P.--- P, - F.
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Let Dy = F, and define D;y; = P11 - D; (semidirect product),
where 0 < i < r — 1. The assertion (iii) follows as soon as we
have shown that every N-unipotent complex analytic representation
of D;, 0 < ¢ < r —1, is extendable to an N-unipotent complex
analytic representation of D;1q. Let p be an N-unipotent of D;.
Since [P,G] C N, the action of the group P41 on D;/N is trivial.
Applying Theorem 3.7 to the semidirect product D; 1 = P;11-D;, we
see that p has an N-unipotent extension o to D;;1. This completes
the proof of (iii).

The surjectivity of R(G,N) — R(F,N) follows from (iii) and
Lemma 3.5. |

Corollary 5.5 Under the hypothesis of Lemma 5.4, every N -unipotent
complex analytic representation of HN extends to an N -unipotent
complex analytic representation of G, and the restriction map

R(G) = R(G,N) — R(HN,N)
18 surjective.

Proof. Since G/HN is a complex vector group, the assertion follows
from Lemma 5.4. [ |

Corollary 5.6 Under the hypothesis of Lemma 5.4, there exist com-
plex one-parameter subgroups Pi,---, Ps of F' such that

R(FN)Z R(Ps)®---®@ R(P1)® R(HN, N).
Proof. By Lemma 5.4, HN C F, and using the notation in the proof
of Lemma 5.4, we have F' = (PNF)HN. Using the same argument as
in the proof of Lemma 5.4 (iii), we may find complex one-parameter
subgroups Py, -+, Ps of FF NP such that F' is expressed in successive

semidirect products F = P;--- P, - (HN) and that, for all 1 <1i <'s,
the restriction map

R(P;---P{(HN),N) — R(Pi—1--- PL(HN),N)
is surjective. We then have
R(P;---P1-(HN),N) =2 R(P;) ® R(P,—1--- P1- (HN),N)
for all ¢, and, putting these isomorphisms together, we obtain

R(F,N) = R(P,)®---® R(P,) ® R(HN, N).
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Corollary 5.7 Under the hypothesis of Lemma 5.4, the C-algebra
R(F,N) is not finitely generated unless F = HN'.

Proof. Since the C-algebra R(C) is not finitely generated (Example
2.19), the assertion follows from Corollary 5.6. |

5.3 Affine Algebraic Structure on Reductive
Groups
Tannaka Duality We first review certain operations on matrices.

For any two square matrices A and B of degree m and n, respectively,
we define

(i) A+B = < 61 g >, the direct sum of A and B;
anB o alnB

(ii) A®wB = : - . , the tensor product of A and
amB - - annB

Let G be a real analytic group, and let R denote the set Rep(G)
of all analytic (matrix) representations of G' over C, i.e., analytic
homomorphisms p from G into GL(n,C) for some positive integer
n, the degree of p, which is denoted by d(p). Recall (§2.1) that if
pi : G — GL(V;,C) is a representation of a group G on a C-linear
space V;, © = 1,2, then p; ® p2 and p; ® po are representations on the
spaces Vi @ V5 and V7 ® Vo, respectively. If the representation

pi : G — GL(n;,C)

is a matrix representation (i = 1,2), then p; @ p2 and p; ® py are the
matrix representations, defined by

(p1 @ pa2)(x) = p1(x)+p2(z),
and
(p1 ® p2)(x) = p1(x) @ pa(x)

for each z € G.
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By a representation of R, we shall mean a map

C:RHUGL(n,C)

which satisfies

(1) ¢(p) € GL(d(p),C);
(i1) ¢(p @ o) = ((p)+C(0);
(iii) C(p® o) =((p) ®((0);

(iv) Ctypy™) = ¢y

for p,o € R, and any nonsingular matrix 7 of degree d(p).
The set GE(R) of all representations of R becomes a group under
the operation

(C1,62) = (-Gt GE(R) x GE(R) — GE(R)

where (1 - G)(p) = C1(p)C(p) for all p € R. We topologize GE(R)
with the weakest topology, which makes the map

¢ = ¢(p) : G5(R) — GL(d(p),C)

continuous for each p € R. The group G¢(R) with this topology
becomes a topological group. The set

G(R) ={¢ € G“(R):¢(p) = ((p)}

forms a subgroup of G¢(R). For 2 € G, define the representation
Cz of R by (x(p) = p(z) for all p € R. Then z +— (, defines a
canonical (group) homomorphism 6 : G — G®(R), and clearly we
have 0(G) C G(R).

In the following discussion, we use the notation p;; for any matrix
representation p of G to denote the (i, j)-coefficient function of p,
i.e., the function which maps « € G to the (7, j)-entry p;;(x) of p(x).
The C-algebra R(G) of all analytic representative functions of G is
spanned by the coefficient functions p;;, (1 <4,j < d(p)), p € R. Let
Q= Homc—qg(R(G),C). Then €2 is a group under the convolution
and is given with the structure of a pro-affine algebraic group for
which R(G) is the polynomial algebra. For ¢ € Q, define (4 to be
the representation of R, which maps p € R to the matrix whose (i, j)
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entry is ¢(pi;). The map ¢ — (4 defines a canonical homomorphism
X : © — GE(R). Since the coefficient functions p; ; span R(G), it is
clear that this map is an injection. We have a commutative diagram

G

A

A(G) —~ 2 —~ GE(R) (5.3.1)

where w is the canonical isomorphism (2.5.1) of §2.5, and the vertical
map G — (Q is the canonical injection, which maps each x € G to
the evaluation homomorphism f — f(z), f € R(G).

Suppose that G is a compact real analytic group. G admits a
(finite-dimensional) faithful analytic representation ¢ (see, e.g., [4],
Theorem 4, p. 211). We may assume that ¢ is a representation
over C, i.e., the representation space of ¢ is a C-linear space. ¢
and its dual ¢°(= ®) generate all real analytic representations of G
(see, e.g., [4], Proposition 3, p. 190), and hence the bistable finite-
dimensional C-linear subspace S = [¢] + [¢] generates the C-algebra
R(G). In particular, R(G) is finitely generated, and hence the pro-
affine algebraic group € is affine. The injection y : Q@ — GC(R)
becomes an isomorphism ([4], Proposition 2, p. 196), and thus the
composite map y ow : A(G) — GC(R) in the diagram (5.3.1) is
an isomorphism. Chevalley’s formulation of Tannaka’s theorem on
duality ([4], Th. 5, p. 211) states:

Theorem 5.8 For a compact real analytic group G, the canonical
map 0 : G — GE(R) defines an isomorphism 0 : G = G(R) of Lie
groups. |

On the other hand, the universal algebraic hull A(G) is a linear
complex analytic group by Theorem 2.23, and if we define

B(G) ={a € A(Q) : a(f) = a(f) for all f € R(G)},

B(G) is a closed subgroup of A(G). Since the left translation of
R(G) by an element of G commutes with the conjugation, clearly
the canonical injection 7 : G — A(G) maps G into B(G). The
Hochschild-Mostow’s formulation of Tannaka’s theorem on duality
([12], Th. 5.1, p. 516) states:
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Theorem 5.9 IfG is a compact real analytic group, then the canon-
ical map T : G — A(G) defines an isomorphism 7 : G = B(G) of Lie
groups. |

We note that the two versions of Tannaka’s Theorem stated above
are equivalent by virtue of the isomorphism y o w : A(G) — G¢(R)
in the diagram (5.3.1).

Affine Structure on Reductive Groups The following result
enables us to equip a reductive complex analytic group with the
structure of an affine algebraic group.

Theorem 5.10 Let G be a compact real analytic group. Then the
complex analytic group A(G) together with the canonical injection
7: G — A(G) is the universal complezification of G.

Proof. Let v : G — GT and 7 : G — A(G) be the canonical
injections of the compact group G into the universal complexification
and the universal algebraic hull of G, respectively. G is a reductive
complex analytic group by Theorem 4.29. We view the reductive
complex Lie group G as a linear group, say Gt C GL(W,C) for
some finite-dimensional linear space W, and the map ~ as an analytic
representation v : G — GL(W,C). By the universal property of
7 : G — A(G) (Proposition 2.21), there is a rational representation
v : A(G) — GL(W,C) such that 7 o 7 = 7. Also by the universal
property of the canonical map v : G — G* (see §1.5), there exists a
complex analytic homomorphism

T GT — A(G)

such that 77 oy = 7. We claim that 7 is an isomorphism with
inverse 7. We have

(ForT)oy=Fo(rtoy)=FoT =1; (5.3.2)
(1T oF)or=7"(HFor)=17T oy =1
(5.3.2) shows that 7y o 7" =1 on (@), and since L(7(G)) is a real
form of L(G™"), it follows that o7t = 14+.

Next we show that 7% 05 = 1,(g). We have 77 05 = 1 on

7(G) = B(G) by (5.3.3). Hence it is enough to show that the real Lie
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algebra L(B(G)) spans L(A(G)) over C. Let S be a bistable finite-
dimensional subspace of R(G) such that S generates the algebra
R(G), and let

p:G— GL(S,C)

be the representation by left translations on S. Let

T={feS:f=T}

T is a real form of the complex linear space S, i.e., S =T @ /—1T.
The isomorphism o — ag : A(G) — A(G)s (Theorem 2.23) maps
B(G) onto Gg = {as : a« € A(G),a(T) = T}, and thus we have the
commutative diagram

B(G) —=—— A(G)
Gs A(G)s

The map p induces an isomorphism G = Gg = Im(p) by Tannaka’s
theorem (Theorem 5.9). G is a real algebraic subgroup of GL(S,C)
and is the image of G under the natural embedding

p: GL(T,R) — GL(S,C).

We identify the real algebraic subgroups Gg and G under u. Gg
is Zariski dense in A(G)gs, and the algebraic group A(G)g is the
extension (over C) of the real algebraic group Gs(=u(Gr)). Hence
L(A(G)g) is spanned by the real Lie algebra £(Gg) over C (see, e.g.,
[5], Prop. 2, p. 129). It follows from the commutative diagram above
that L(A(G)) is spanned by the real Lie subalgebra £(B(G)) over C.
This establishes 77 07 =1 A(G)» and hence completes our proof. W

Theorem 5.11 Every reductive complex analytic group H has a
unique affine algebraic group structure in such a way that the complex

analytic representations of H are exactly the rational representations
of H.

Proof. Let Q be a maximal compact subgroup of H. The inclusion
L : (Q — H is the universal complexification of the compact analytic
group () by Theorem 4.31, and hence we have

A@=q"=m
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by Theorem 5.10. We may therefore identify the complex analytic
group H with A(Q), and equip H with the affine algebraic group
structure of A(Q). Suppose p: H — GL(V,C) is a complex analytic
representation of H, and let 0 = p|g. The analytic representation o
of () can be then extended to a rational representation

5:AQ) = H — GL(V,C),

i.e., 0 = g or. On the other hand, since ¢ : Q — A(Q) = H is the
universal complexification, the uniqueness of the induced complex
analytic representation

ot H — GL(V,C)

with o7 o1 = o implies p = &, proving that p is rational.

Since every complex analytic representation of H is rational, the
polynomial functions on H are exactly the representative functions
on the analytic group QT = H, and therefore the algebraic group
structure on H is necessarily unique. [ |

Lemma 5.12 If K is a closed reductive complex Lie subgroup of a
faithfully representable complex analytic group G such that K/Ky is
finite, then K is an algebraic subgroup of G.

Proof. Let H be a maximal reductive complex Lie subgroup of G
that contains K. Then H is connected, and G is a semidirect product
G = H - S, where S is a nucleus of G (Theorem 4.43). We first
show that H is an algebraic subgroup of G. Every complex analytic
representation of H extends in an obvious way to a complex analytic
representation of G, and hence the restriction map R(G) — R(H)
is surjective, i.e., R(H) = R(G)y. R(H) is finitely generated by
Corollary 4.32, and the canonical monomorphism

H — A(H) = Autg(R(H))

is an isomorphism (Theorem 5.11). This shows that H is an algebraic
subgroup of G. Next we show K is an algebraic subgroup of G.
Since K/K) is finite, it is enough to show that Ky is an algebraic
subgroup of H. Thus we may assume that K itself is connected. By
Theorem 5.11, the reductive complex analytic group K has a unique
algebraic group structure in such a way that the complex analytic
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representations of K are exactly the rational representations. Hence
if we view the affine algebraic group H as a linear algebraic group
and the inclusion map j : K — H as a linear analytic representation,
then j is rational, and K = j(K) is Zariski closed in the algebraic
group H. This shows that the restriction map R(H) — R(K) is
surjective. Since we already have R(H) = R(G)n, R(K) = R(G)k,
and this proves that K is an algebraic subgroup of G. [ |

5.4 The Maximum Algebraic Subgroup

We first prove that the representation radical N(G) of a faithfully
representable complex analytic group G is an algebraic subgroup.
We begin with

Lemma 5.13 Let N be a unipotent complex analytic subgroup of a
full complex linear group GL(V,C), and let H be a complezx analytic
subgroup of GL(V,C) such that H normaalizes N. For h € H, let
k(h) denote the automorphism of N given by n — hnh~'. Then
for each f € R(N,N), the set {f ok(h) : h € H} spans a finite-
dimensional subspace of R(N,N).

Proof. We note that by Lemma 3.1, f o k(H) C R(N,N). Let
h € H. By Corollary 3.11, k(h) : N — N is a polynomial map of
degree < m?, where m = dim(V). Thus if f is a polynomial function
of N of degree < n, then f o (h) is a polynomial function of degree
< nm?. This shows that the set f o x(H) spans a finite-dimensional
space. |

Proposition 5.14 If G is a faithfully representable complex analytic
group, then its representation radical N(G) is a unipotent algebraic
subgroup of G with polynomial algebra R(N(G), N(Q)).

Proof. Put N = N(G), and choose a faithful complex analytic
representation 7 : G — GL(W,C). Then N = rad(G’) by Corollary
4.39, and N is a simply connected nilpotent analytic group (Theorem
4.38). The (analytic group) isomorphism N = 7(NN) induces a C-
algebra isomorphism

R(N,N) = R(1(N),7(N)).
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On the other hand, 7(/V) is a unipotent subgroup of GL(W,C) by
Theorem 4.38, and as such it is an algebraic (i.e., Zariski closed)
subgroup of GL(W,C) by Proposition 3.12. Now R(7(N),7(N)) is
the polynomial algebra of the algebraic group 7(/N) by Theorem 3.14,
and this, in particular, implies that R(N,N) = R(7(N),7(N)) is
finitely generated. From the isomorphisms

N =7(N) = Aut,(n) (R(T(N),7(N))) = Auty(R(N, N)),
we deduce that the canonical map
N — Auty(R(N,N)).

is an isomorphism, i.e., N is an affine algebraic group with the poly-
nomial algebra R(N,N). Thus to prove that N is an algebraic sub-
group of GG, it remains to show

R(N,N) = R(G)x, (5.4.1)

i.e., the restriction morphism R(G) — R(N, N) is surjective. Let H
be a maximal reductive complex analytic subgroup of G. Then the
restriction map

R(r(H)T(N),7(N)) — R(7(N),7(N))

is surjective by Lemma 3.2 and Lemma 5.13, and hence the map
R(HN,N) — R(N,N) is also surjective. Since the restriction map
R(G) — R(HN, N) is surjective by Corollary 5.5, (5.4.1) follows. W

Corollary 5.15 If G is a faithfully representable complex analytic
group, its commutator subgroup G’ is an algebraic subgroup of G.

Proof. By Corollary 4.39, N(G) is the radical of G', and hence
G' = N(G)S, where S is a maximal semisimple complex analytic
subgroup of G'. N(G) is algebraic in G by Proposition 5.14, and
S is also algebraic in G as a reductive complex analytic subgroup
of G (Lemma 5.12). Thus we see that G’ = N(G)S is an algebraic
subgroup of G by Remark 5.2. [ |

We are ready to present the main result in this chapter.

Theorem 5.16 Let G be a faithfully representable complex analytic
group and let H be a maximal reductive complex analytic subgroup of
G. Then
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(i) The complex analytic subgroup HN(G), which is independent
of mazximal reductive subgroups H, is an algebraic subgroup of
G, and is in fact the mazimal such in the sense that HN(G)
contains all algebraic subgroups of G.

(ii) Ewvery complex analytic representation of G induces a rational
representation of HN(G), and, conversely, every rational rep-
resentation of HN(G) is obtained in this way.

Proof. Let 7 : G — A(G) denote the canonical injection, and let
N = N(G). H and N are algebraic subgroups of G by Lemma
5.12 and Proposition 5.14, respectively. Hence 7(N) and 7(H) are
algebraic (i.e., Zariski closed) subgroups of the pro-affine algebraic
group A(G) by Proposition 5.1. It follows that 7(HN) = 7(N)7(H)
is Zariski closed in the pro-affine algebraic group A(G), proving that
HN is an algebraic subgroup of G again by Proposition 5.1. That
the subgroup H N is independent of maximal reductive subgroups H
follows from Theorem 4.48. We now show that HN is the maximum
algebraic subgroup of G. Let D be any algebraic subgroup of G.
We claim D € HN. Suppose D is not contained in HN. We first
show that there is a complex analytic representation ¢ of G such
that ¢(D) is a nontrivial unipotent subgroup. Let 7 : G — G/HN
be the canonical morphism, and let

p:G— GL(V,C)

be a faithful complex analytic representation of G. p(HN) is an
algebraic subgroup of GL(V,C) by Proposition 5.1. Since HN is
normal in G, the algebraic subgroup p(HN) of GL(V,C) is normal in
p(G) and hence also in the Zariski closure p(G)* of p(G) in GL(V, C).
Thus p(G)*/p(HN) is a linear algebraic group, and the composite
map

G/HN — p(G)/p(HN) = p(G)* /p(HN)

defines a faithful complex analytic representation p of G/HN. Let
¢ = pom. Since D is algebraic in G, ¢(D) is Zariski closed in
the algebraic group p(G)*/p(HN) by Proposition 5.1. Since 7(D)
is a nontrivial subgroup of the vector group G/HN with finitely
many connected components, (D) is a nontrivial vector subgroup
of G/HN. Thus ¢(D) = p(m(D)) is a complex vector subgroup of the
abelian algebraic group p(7(G))*, and hence the algebraic subgroup
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(D) is unipotent. Next we choose a nontrivial semisimple complex
analytic representation 1 of G. Such a representation always exists,
namely, the composite of the natural morphism G — G/HN and a
faithful, semisimple complex analytic representation of the complex
vector group G/HN (Example 2.6). If v denotes the direct sum of the
representations ¢ and v, then  is a complex analytic representation
of G such that (D) is not Zariski closed, and this contradicts the
assumption that D is an algebraic subgroup of GG. This shows that
D C HN, and (i) follows.

We now prove (ii). Let p be a rational representation of the
algebraic group HN. Since N is a unipotent algebraic subgroup
of HN, p is an N-unipotent analytic representation of the analytic
group HN, and Corollary 5.5 enables us to extend p to a complex
analytic representation of G. |

The algebraic subgroup HN(G) of G in Theorem 5.16 is called
the mazimum algebraic subgroup of G, and we denote it by M(G).

Remark 5.17 P(HN) = R(HN,N), i.e., the polynomial algebra
of the maximum algebraic subgroup HN of G in Theorem 5.16
is the algebra of the representative functions associated with all

N-unipotent complex analytic representations of G. In fact, from
P(H)=R(G)y = R(H) and P(N) = R(G)x = R(N,N), we obtain

P(HN) = P(H) ® P(N) = R(H) ® R(N,N) = R(HN, N),

where the first isomorphism above follows from standard properties
of algebraic groups (see §B.2), and the last one follows from Theorem
3.3. [ |

Remark 5.18 The representation radical N is easily seen to be the
unipotent radical of the algebraic group HN. [ |

Proposition 5.19 If L is a complex analytic subgroup of a faithfully
representable complex analytic group G, then any algebraic subgroup
of L is algebraic in G. In particular, every algebraic subgroup of L
is an algebraic (i.e., Zariski closed) subgroup of the algebraic group

M(G).

Proof. Let K be an algebraic subgroup of L, and we prove that
K is an algebraic subgroup of G. For that it is enough to show
P(K) = R(G)k. Let H be a maximal reductive subgroup of G and
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let N = N(G) so that M(G) = HN (Theorem 5.16), and choose
a faithful complex analytic representation p : G — GL(V,C). By
Proposition 5.1 applied to p and pr, : L — GL(V,C), we see that
both p(HN) and p(K) are algebraic subgroups of GL(V,C) in the
usual sense. Thus p(K) is an algebraic subgroup of the algebraic
group p(HN), and hence the restriction map

P(p(HN)) — P(p(K))

is surjective. Since p induces isomorphisms HN = p(HN) and
K = p(K) of algebraic groups, the restriction map P(HN) — P(K)
is surjective. On the other hand, we have P(HN) = R(HN,N)
(Remark 5.18), and since K is an algebraic subgroup of L, we have
P(K) = R(L)g. Consequently

R(HN,N) — R(L)xg

is surjective. Since the map R(G) — R(HN,N) is surjective by
Corollary 5.5, the map R(G) — R(L)g is surjective.

The second assertion of the proposition follows from the first one
and Theorem 5.16. [ |

In the next theorem we determine when a faithfully representable
complex analytic group G itself is its own algebraic subgroup, that

is, M(G) = G.

Theorem 5.20 Let G be a faithfully representable complex analytic
group. Then the following are equivalent.

(i) G admits the structure of an affine algebraic group which is
compatible with the structure of the analytic group of G in the
sense that the complex analytic representations are exactly the
rational representations of G.

(i) G = H - N(G) (semidirect product), where H is a mazimal
reductive subgroup of G.

(iii) R(QG) is finitely generated.
(iv) The canonical injection T : G — A(G) is an isomorphism.
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Proof. (i) and (ii) are equivalent by Theorem 5.16. If (i) holds,
P(G) = R(G) and hence (iii) follows, and (iii) =(ii) by Corollary
5.7. Thus (i), (ii), and (iii) are equivalent. (iv) = (i) by Proposition
5.1. To show (i)=(iv), we first note that (i) is equivalent to the
statement that G itself is the algebraic subgroup of G. Thus (i)
implies that 7(G) is an algebraic subgroup of A(G) by Proposition
5.1. Since 7(G) is always Zariski dense in A(G), we get A(G) = 7(G),
proving (iv). ]

Remark 5.21 Suppose that G is a complex analytic subgroup of a
full linear group GL(V,C), and assume R(G) is finitely generated.
Then G is an algebraic subgroup of the algebraic group GL(V,C)
(i.e., G is Zariski closed in GL(V,C)), and its polynomial algebra
is R(G). In fact, since R(G) is finitely generated, G admits the
structure of an affine algebraic group with R(G) as its polynomial
algebra by Theorem 5.20. On the other hand, the canonical map
7: G — A(G) is an isomorphism by Theorem 5.20, and the inclusion
t: G — GL(V,C) induces a rational representation of A(G)

7: A(G) — GL(V,C)

such that 7o 7 = . Then G = «(G) = (A(G)) is Zariski closed
in the algebraic group GL(V,C). The polynomial algebra P(G) of
this linear algebraic subgroup G is clearly contained in R(G). This
means that the identity map

ic: (G,P(GQ)) — (G,R(Q))

is a morphism of affine algebraic groups. Since a bijective morphism
is an isomorphism in affine algebraic groups, i¢g is an isomorphism of
algebraic groups, proving P(G) = R(G). |

Remark 5.21, together with Theorem 5.20, yields the following.

Corollary 5.22 Let G be a complex analytic subgroup of a full linear
group GL(V,C), and assume that R(G) is finitely generated. Then
G is an algebraic subgroup of GL(V,C), and any complex analytic
representation of G is rational.
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Remark 5.23 Any linear semisimple complex analytic group G, for
example, is an algebraic group by Corollary 5.22, and every complex
analytic representation of GG is rational. However, this is not the case,
in general, for linear semisimple real analytic groups. To construct
such an example, let Ad denote the adjoint representation of the real
semisimple group SL(3,R):

Ad: SL(3,R) — GL(sl(3,R),R) = GL(8,R)

and let G denote the semisimple analytic subgroup Im(Ad) of GL(8,C).
We claim that G is a desired example. In fact, assume the contrary.
Thus G is an algebraic subgroup of SL(3,R), and every continuous
representation of G is rational. Since Ad maps SL(3,R) onto G
homeomorphically, we may consider the continuous (and hence real
analytic) representation p of G which is the composition

G 27 SL(3,R) € GL(3,R).
Then p is a rational representation of G' by assumption, and hence
Ad:SL33,R) — G

becomes an isomorphism of real algebraic groups. This implies that
the complexification SL(3,C) of SL(3,R) is isomorphic with the
complexification Adc(SL(3,C)) of G, where Adc denotes the adjoint
representation of SL(3,C).

On the other hand, the two groups SL(3,R) and Adc(SL(3,C))
cannot be isomorphic: the center of SL(3,R) is of order 3 while
Adc(SL(3,C)) has the trivial center. ]

5.5 Further Properties of Reductive Groups

We establish further results on complex reductive groups making use
of their affine algebraic structure.

Theorem 5.24 Let G be a complex analytic group, and K be a
closed normal complex analytic subgroup of G. If any two of the
groups G, K, and G/K are reductive, then so is the remaining group.

Proof. (i) We have already established in Theorem 4.35 that if K
and G/K are reductive, then so is G.

©2002 CRC PressLLC



(ii) Now we assume that G and G/K are reductive, and we prove
that K is reductive. By Theorem 5.11, G may be identified with
a reductive algebraic linear group such that every complex analytic
representation of G is a rational representation. Since G/K has a
faithful complex analytic representation as a reductive group, p say,
then the composition of p with the canonical map G — G/K is a
complex analytic (and hence also rational) representation of G, and
its kernel K is therefore a normal algebraic subgroup of the reductive
algebraic group G. Thus K is also a reductive algebraic linear group,
and therefore is a reductive complex analytic group.

(iii) Finally we assume that G and K are reductive, and prove
that G/K is reductive. Since the group G is reductive, each complex
analytic representation of GG is semisimple, and hence the same holds
for G/K. Thus to show that G/K is reductive, it remains to show
that G/K is faithfully representable. Let p be any faithful complex
analytic representation of G. Then p is a rational representation
of the algebraic group G by Theorem 5.20, and p(G) is, therefore,
a linear algebraic group. Since K is an algebraic subgroup of G
(Lemma 5.12), p(K) is a normal algebraic subgroup of p(G) (cf.,
Proposition 5.1), and hence by ([6], Prop. 11, p. 119), there is a
rational representation o of p(G) whose kernel is exactly p(K). The
representation o o p of G is a complex analytic representation whose
kernel is K, and it induces a faithful complex analytic representation
of G/K. ]

It is well known (see, e.g., [18], Corollary 6.33, p. 215) that a
maximal torus in a (real) compact analytic group coincides with its
centralizer. Below we establish the complex version of this result.

Theorem 5.25 Let G be a reductive complex analytic group, and
let T be a maximal complex torus of G. Then T coincides with its
centralizer in G.

Proof. Let Z(T') denote the centralizer of T' in G. We view G
as a reductive algebraic group in light of Theorem 5.11. T is then
an algebraic subgroup of the algebraic group G, and hence so is its
centralizer Z(G). Let X be the maximum compact subgroup of the
complex torus T. We prove that X is a maximal compact subgroup
of Z(T'). Suppose C is any compact subgroup of Z(7T') that contains
X, and choose a maximal compact subgroup K of G containing C.
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Then X is a maximal torus of the real compact group K. In fact,
suppose that Y is a torus in K that contains X properly. Then the
smallest complex analytic subgroup Y* that contains Y is a complex
torus by Corollary 4.4, and contains the complex torus T properly,
contradicting the maximality of 7. The centralizer of the maximal
torus X in K coincides with X, and this, in particular, shows that
C C X, proving that X is a maximal compact subgroup of Z(T).
This also shows that Z(7T') is connected. Indeed, Z(T'), being an
algebraic subgroup, has finitely many connected components, and
hence it contains a finite subgroup F so that Z(T') = FZ(T')y. Now
FX is a compact subgroup of Z(T'). Since X is a maximal compact
subgroup of Z(T), FF C X, and hence FF C T C Z(T)y, proving
Z(T) = Z(T)p. Let g and ¢ denote the Lie algebras of G and K,
respectively. The Lie algebras £(T") and g are the complexification
of £(X) and £, respectively. Since L£(X) is a Cartan subalgebra
of the Lie algebras ¢ (see, e.g., [18], Proposition 6.23, p. 210), its
complexification £(7T) is a Cartan subalgebra of g. Noting that the
Lie algebra g is reductive, g has the root space decomposition

g= ‘C(T) + Z Jas
a0

where the g, are the (1-dimensional) root spaces for nonzero roots
a (see Theorem A.24). Since Z(T') centralizes T', Adg(Z(T)) leaves
each root space stable. This shows that Adg(Z(T)) is isomorphic
with a closed subgroup of D(n,C), where n = dim g, and hence it is
reductive. On the other hand, if Z denotes the center of G, then the
identity component Zj is reductive by Corollary 4.23, and Z/Z is
finite. Now Z(T")/Z = Adg(Z(T)) is reductive, and hence Z(T)/Zy is
reductive by Lemma 4.33. Consequently, Z(T) is reductive (Theorem
5.24), and we see that its maximal compact group X is full in Z(7T') by
Theorem 4.31. Since X is already full in T', it follows that T' = Z(T),
proving our assertion. [ |
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Chapter 6

Observability in Complex
Lie Groups

In this chapter we shall make use of the analytic and algebraic struc-
ture of complex analytic groups developed in the earlier chapters
to study observability in complex analytic groups. The discussion of
observability is carried out in the first two sections for affine and pro-
affine algebraic groups, and the remainder of the chapter is devoted
to the analytic case ([1]), [7], [11], [24]).

The notion of observability was originally defined for algebraic
groups. An algebraic subgroup H of an affine (or more generally, a
pro-affine) algebraic group G over a field IF is called observable if each
rational representation of H extends to a rational representation of
the entire group, or to put it another way, if every rational L-module
is a sub L-module of a rational G-module. As in the case of algebraic
groups, a closed complex Lie subgroup L of a complex analytic group
G is said to be observable in G if each complex analytic representation
of L extends to a complex analytic representation of G.

6.1 Pro-affine Groups and Observability

Throughout this section, we shall assume that F is an algebraically
closed field of characteristic 0, and all affine or pro-affine algebraic
groups are assumed to be defined over F. We start with a series of
algebraic results which are essential to the subsequent discussions.
Let G be a pro-affine algebraic group, and let p : G — GL(V,F)
be a rational representation of G. A semi-invariant of G (or simply,
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G-semi-invariant) in V' is a nonzero element v € V spanning a G-
stable line in V. In this case, we can write p(z)(v) = x(z)v for all
x € G, where x : G — F* is some function. Then the function x is a
rational character of G, which we call the weight of v. If G acts on a
variety X, we shall also use the term semi-invariant with respect to
the action of G on functions on X, which is induced by the action of
G on X.

In the following discussion, the concept of the exterior algebra
A(V') built on a finite dimensional F-linear space V' plays an impor-
tant role. Here we briefly review this concept. Let n denote the
dimension of V. Then A(V) is defined as the quotient algebra of the
graded tensor algebra T'(V') = >, T;(V') modulo the ideal generated
by the squares of the elements in V', where Ty(V') =, and, for i > 0,
T;(V) =V ®---®V (i-times). Thus A(V) is a finite dimensional
graded algebra

AV) = N(V),
1=0

where if {v1, -+, v, } is an ordered basis of V', then the ( Z > exterior

products vi; A-Awv;,. (i1 < ig < --- <i,) form a basis of A"(V'). Note
that A™(V') is 1-dimensional, and A"(V) = 0 for r > n. If W is a
subspace of V', then A"(W) is identified with a subspace of A" (V).

Let G be a group, and let V' be a G-module with the correspond-
ing representation p : G — GL(V,F). Then the action of G on V
induces an action of G on each homogeneous component A* (V) of
A(V). In particular, the action of x € G on A™(V) is the scalar
multiplication by the determinant of p(x).

Lemma 6.1 Let V be a finite-dimensional F-linear space, and let
W be a d-dimensional subspace of V. Then for v € GL(V,TF),
Nz (ANW)) = AYW) if and only if (W) = W.

Proof. If (W) = W, then clearly A%z (AY(W)) = AYW). For
the converse, choose a basis vy, --,v, of V so that v,---,v4 is a
basis of W and that vy,41, -, Umiq iS a basis for (W), where m
is some integer > 0. The element vy A --- A vy spans A%(W), and
the element A%z (vy A--- Awg) is a scalar multiple of v1 A --- A vg by
hypothesis. On the other hand, A%z (v1 A---Avg) is a scalar multiple
of Vypy1 A+ AUpgqg. This shows m = 0, proving z(W) = W. |
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Theorem 6.2 Let H be an algebraic subgroup of an affine algebraic
group G. There is a rational representation ¢ : G — GL(V,C) and
a 1-dimensional subspace D of V such that

H={xeG:p)(D)=D}. (6.1.1)

Proof. We set A = P(G). G acts on A by left translations
(,f)—ax-f:GxA— A

Let I be the ideal in P(G) of functions vanishing on H. Then [ is
finitely generated, and we have

H={xeG:x-felVfel}.

There is a finite-dimensional left G-stable subspace W of P(G) such
that, if £ =W N1, the ideal I is generated by E. We have

H={xeG:x-E=FE}. (6.1.2)

In fact, since W and I are both left H-stable, so z - E C E for all
x € H. Conversely, let x € Gwithz-E C E. Thenz-I =z-(EA) =
(x-E)(x-A)=FA=1I,sox e H.

Now let p : G — GL(W,F) denote the representation of G' by
left translations on W, and put V = AYW) and D = A%(E), where
d=dim F. p induces a rational representation

©=Np:G — GL(V,F).

Since p(x)(E) = E if and only if p(z)(AY(E)) = AYE) for z € G by
Lemma 6.1, (6.1.1) follows from (6.1.2). |

Corollary 6.3 Under the assumption of Theorem 6.2, there exists
a rational character x of H and a finite set E = {f1, -+, fu} of
H -semi-invariants in P(G) of the same weight x such that

H={xeGlx-fi eFf; for1 <i<n}.

Proof. Let ¢ be as in Theorem 6.2. Let e1,---,e, be a basis of
V with D = Fey, and let p;; denote the (4,j) coordinate function
on gl(V,F) = gl(n,F), the isomorphism being defined relative to the
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basis above. In this coordinate system, the condition z - E = E (or,
equivalently, = - D = D) becomes
piop(z) =0

for all ¢ with 1 < i < n. Define f; = p;10¢, for 1 <i < n, and let
X = p1,1 0. Then x is a character on H, and (6.1.1) of Theorem
6.2 becomes

H={zeG: fi(r)=0, 1 <i<n}. (6.1.3)
For z € G and y € H, we have

y- filr) = filzy) = pia(e()e(y))

— Z ik © (@) 1 0 @(y)
k
pi1 o p(z)pra o w(y)

= x()fi(x),

proving that each f; is an H-semi-invariant of weight y. Now suppose
x € G such that = - f; € Ff;. Then z - f;(1) is a multiple of f;(1).
Since f;(1) = pi109(1) =0, we have fj(z) = - f;(1) =0,and x € H
follows by (6.1.3). ]

Throughout this chapter, [R], for any integral domain R, denotes
the field of fractions of R. Using this notation,

Proposition 6.4 Let H be an algebraic subgroup of a connected
affine algebraic group G. Then

H={zeG:x-f=f foralfe[PG)"}.

Proof. If x € H, then clearly = - f = f for all f € [P(G)]". Let
r € G be such that x - f = f for all f € [P(G)]¥, and assume
that © ¢ H. By Theorem 6.2, there is a rational G-module V' and a
nonzero v € V such that

y € Gisin H if and only if y - v € Fu. (6.1.4)

Since x ¢ H and = -v ¢ Fv, v and = - v are linearly independent.
Choose F-linear functions A and p of V such that

Aw) =1, Mz -v)=0; pl) =1, plx-v) =1,
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and define g, h: G — F by

9(y) = My -v), hy) = ply-v)

forall y € G. If ¢ : G — GL(V,TF) is the rational representation
associated with the G-module V, then g and h are the coefficient
functions g = ¢y, and h = ¢, and hence g, h € P(G). We have
g/h € [P(Q)]H, owing to (6.1.4), and since we assume that x fixes
every element of [P(G)]*, 2 - (g/h) = g/h, and

(g/h)(x) =z - (9/h)(1) = (¢/h)(1) = g(1)/h(1) = 1.

On the other hand, we have (g/h)(z) = g(z)/h(x) = 0/1 = 0. This
contradiction shows that x € H, proving our proposition. [ |

The following lemma is an affine (or pro-affine) group version of
Lemma 2.17.

Lemma 6.5 If p is a rational representation of an affine algebraic
group G on V', then the rational G-module V is embedded as a sub
G-module of the direct sum [p] @ --- @ [p] (dimV copies). [ |

Lemma 6.6 Let H be an algebraic subgroup of a pro-affine algebraic
group G. Suppose that, for every 1-dimensional rational H-module
that is contained as a sub H-module in a rational G-module, the dual
H-module is also a sub H-module of a rational G-module. Then H
is observable in G.

Proof. Let W be arational H-module and let p be the corresponding
rational representation of H. W may be identified with a sub H-
module of the direct sum of finitely many copies of [p] (Lemma 6.5).
Since [p] C P(H) and since P(G) — P(H) is surjective, W may be
written in the form U/V, where U is a sub H-module of a rational
G-module M, and where V' is a sub H-module of U.

Let n = dimp(V), and consider the homogeneous component
A"FL(M) of the exterior algebra built on M. The G-module A" (M)
contains U A (A"(V)) as a sub H-module. Since V A (A"(V)) =
ATLHV) = 0, U A (A*(V)) is isomorphic (as an H-module) with
the tensor product W @ A"(V'). Let S denote the dual H-module of
the 1-dimensional H-module A™(V'). A™(V) is a 1-dimensional sub
H-module of the G-module A""!(M), and hence it follows from our
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hypothesis that there is a G-module, T say, that contains S as a sub
H-module. Fix nonzero elements v € A"(V) and A € S. Then the
composite of the F-linear isomorphism

wwRUAN: W ->WeA"(V)® S

with the injection W @ A"(V) ® S — M ® T identifies W with a
subspace of A"T1(M) ® T. Moreover, the action of each z € G
on A"(V) and on A"(V)° is the scalar multiplication by det(p(x))
and det(p(z))~!, respectively, and hence the F-linear isomorphism
w— w®u® A is an isomorphism of H-modules. Thus

W2WeAN(V)eS

is a sub H-module of the G-module M ® T, so that Lemma 6.6 is
proved. [ |

Using the argument used in the proof of Lemma 6.6, we prove

Corollary 6.7 Every reductive algebraic subgroup of a connected
affine algebraic group G is observable in G.

Proof. Let H be a reductive algebraic subgroup of G, and let W be
a rational H-module with the corresponding rational representation
p. As in the proof of Lemma 6.6, we write W = U/V, where U is
a sub H-module of a rational G-module M, and where V is a sub
H-module of U. Since H is reductive, U contains a sub H-module
which is a complement to V. Replacing U by this complement if
necessary, we may assume that V = (0), i.e., W = U. This shows
that the H-module W is embedded into the G-module M as an H-
submodule, proving that H is an observable algebraic subgroup of
G. |

Since any H-module and G-module may be constructed from
the polynomial algebras P(H) and P(G), respectively (Lemma 6.5),
Lemma 6.6 has the following equivalent form:

Lemma 6.8 Let G be a pro-affine algebraic group over I, and let H
be an algebraic subgroup of G. Assume that for any H-semi-invariant
f € P(G) with weight v : H — F*, there exists an H-semi-invariant
g € P(G) with weight v~1 : H — F*. Then H is observable in G. W
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The following is a characterization of observable algebraic sub-
groups in a pro-affine group.

Theorem 6.9 Let G be a connected pro-affine algebraic group over
an algebraically closed field F, and let H be an algebraic subgroup of
G. Then H is observable in G if and only if [P(G)] = [P(G)H].

Proof. Assume that H is observable. Clearly [P(G)]* D [P(G)].
To show [P(G)|H CP(G)M], let qe [P(G)]*. To show qe [P(G)"], it
is enough to show that

(P(G) - ¢ N P(G)£(0).

Let V be a nonzero simple rational sub H-module of P(G) - ¢ N P(G),
and let V* denote its dual H-module. Since H is observable, V is a
sub H-module of some rational G-module W. Since W is isomorphic
with a sub G-module of a direct sum of finitely many copies of P(G)
by Lemma 6.5, and since V is simple, there is a monomorphism
¢ : V—P(G). We choose a basis vy, -, v, of V such that v1(1) # 0
and v;(1) = 0 for i = 2,---,n, and let A\,---,\, be the basis of
V* which is dual to the basis vq,---,v,. If we put g; = ¢(\;) for
1 <4 < n, then, for each x€G, the element

h = Z(Qz - T)v;
i=1

belongs to (P(G) - ¢ N P(G))". Now take x such that g;(x) # 0.
Then

h(1) = (g:- @) (Doi(1) = gi(z) #0,
i=1
and hence h # 0. This proves that (P(G) - ¢n P(G))" # (0).

Now we prove the sufficiency of the condition. Thus we assume
[P(G)]7 = [P(G)M] to show the condition of Lemma 6.8: Assume
that, for any H-semi-invariant f € P(G) with weight v : H — F*,
there is an H-semi-invariant g € P(G) with weight v~! : H — F*.
Then H is observable in G. For y € H and z € G,

y-(fra)=W-f)az=v0)f" =
and hence we have
f-a
/

BNEALI S TIE AL x
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proving f—fw € [P(G)]H. Since [P(G))H = [P(G)H], there exist
ky,m, € P(G)Y such that f—fz = ’E—j Let x1,---,x2, € G such
that {f-x1,---, f-x,} is a basis for the finite-dimensional subspace
of P(G) that is spanned by set {f - z|z € G}. For each = € G,

n

fra=> aix)f -

i=1

where a;(z) € F. For each 1 <i < n, let k;,m; € P(G) such that
Fzi — % Since G is connected, P(G) is an integral domain, and
since each k; # 0, the product k = kiks ...k, is a nonzero element

of P(G)H. We have

(fa)k = Zaz )(f - @i)kika ..k
= Zaz “Nkrko - Ky,

Z
= Eaixmm
i

where k] = [1;i kj- Let Z be the set of zeros of f in Gp, where B is
the fully stable subalgebra generated by the elements k;, m;, and f.
For z € Z,

(f-2)(2)k(2) = ((f - ©)k)(2) = Zai(l’)(mmé)f@) =0

and hence f(zx)k(z) = 0 for all x € G. Since f # 0, we have
k(z) = 0. This proves that the nonzero k vanishes on Z. Since
[ is assumed to be algebraically closed, it follows from the Hilbert
Nullstellensatz that ™ € Bf. Let k"™ = gf for some g € B. Then
for y € H, we have

y-(9f) =y k" =(y k)" =k"=gf.
On the other hand,
y-(9f) =W -9y )= -9rf

Thus gf = (y-g)v(W)f, and (9 — (y - 9)v(y))f = 0. Since f # 0,
g=(y-9)y(y), proving that y - g =~v(y)"'g, y € H. |
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6.2 Observability in Algebraic Groups

Some of the equivalent conditions under which a subgroup of an affine
algebraic group is observable are discussed in this section. The main
result (Theorem 6.13) is preceded by some algebraic preliminaries
related to the extension question in ring theory.

For a proof of the following lemma, see, e.g., Corollary 3.3, p.
348, Lang’s Algebra (3rd ed.).

Lemma 6.10 Let R be a subring of a field K, and let ¢ : R — F
be a homomorphism, where F is an algebraically closed field. Let M
be a mazimal subring of K such that M O R and ¢ extends to M.
Then M is a valuation ring, i.e., v € K,x # 0 implies x € M or
z~le M. [ |

As an easy consequence of Lemma 6.10, we have

Corollary 6.11 Let R and S be subrings of a field K such that
S DO R, and let F be an algebraically closed field. If S is integral
over R, then every ring homomorphism ¢ : R — F extends to a ring
homomorphism ¢' : S — F.

Proof. We shall show that S C M, where M is as in the lemma
above. Let x € S, x # 0. Then x € M or 2! € M by the lemma.
Suppose 27! € M. Then R[z~!] C M. Since x is integral over R, =
satisfies an integral equation

ro+ Tzt F " 2" =0
with rg,---,7,—1 € R, and this implies
r=—roz )" V= . —r, € Rz,

proving x € M. We now have S C M, and we see that ¢ extends to
a homomorphism ¢’ : S — F, proving our assertion. |

Proposition 6.12 Let A be an integral domain and B a subring of
A such that A is of finite type over B. Given a # 0 in A, there exists
b # 0 in B such that any homomorphism ¢ of B into an algebraically
closed field F with ¢(b) # 0 can be extended to a homomorphism
¢ A —TF with ¢'(a) # 0.

©2002 CRC PressLLC



Proof. Let z1,---,z, € A so that A = Blxy,---,z,], and we
prove the assertion by induction on n. Assume the assertion in the
proposition is true for n = 1, and let B" = Blzy,---,z,_1] so that
A = B'[z,]. Thus there exists an element b € B’, v/ # 0, such
that any homomorphism of B’ into the algebraically closed field F
not vanishing at b can be extended to a homomorphism from A to
F not vanishing at a. This together with the induction hypothesis
ensures that there exists b # 0 in B such that any homomorphism ¢
of B into F with ¢(b) # 0 extends to a homomorphism ¢’ : A — F
with ¢’(a) # 0. Thus we may assume without loss of generality that
n=1, A= Blx].

Case I. z is transcendental over [B], the field of fractions of B.
Write the element a as

a="by+bix+- -+ bpz™ (6.2.1)

with each b; € B and b,, # 0. Let ¢ : B — F be a homomorphism
with ¢(by,) # 0. Then the polynomial

d(bg) + p(b1)X + - + d(by) X™ € F[X]
is not 0, and hence there exists an element o € F such that

d(bo) + d(b1) o+ - - + G(bp)a™ # 0. (6.2.2)

The homomorphism ¢ can be extended to a ring homomorphism
¢ : A = Blz] — F such that ¢/(z) = a. Then (6.2.1) and (6.2.2)
ensure that ¢'(a) # 0, and we see that the assertion is true with
b= by,.

Case II. z is algebraic over [B]. Then [B](z) is algebraic over
[B], and hence a~! € [B](z) is also algebraic over [B]. We may find
v € B, v # 0 such that vz and va~! are both integral over B. In
fact, let « and v ™! satisfy equations

co+cir+-+epr™ =0 (6.2.3)

and
do+dia '+ +da™ =0 (6.2.4)

with the ¢;,d; € B, ¢, # 0,d, # 0. Multiplying both equations
above by suitable elements of B, if necessary, we may assume that
¢m = dyp. Let v = ¢, (= d,). Multiplying the equations (6.2.3) and
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(6.2.4) by v™~1 and v"~!, respectively, we obtain integral equations
for vz and va~! over B. This shows that = and a~! are integral
over Blv~!], and we see that B[v,vz,va~!] is integral over Blv—1].
Let ¢ : B — F be a homomorphism with ¢(v) # 0. Clearly we can
extend ¢ to Blv~!] — F, and hence to

¢ : Blv,vz,va" '] = F

by Corollary 6.11. Since a~! € Blv,vz,va™t], we have ¢'(a™t) # 0,
and hence ¢'(a) # 0 follows. Since A = Blz] C Blv,vr,va"!], ¢
extends to a homomorphism ¢’ : A — TF. [ |

Theorem 6.13 Let H be an algebraic subgroup of a connected affine
algebraic group G over an algebraically closed field F. The following
are equivalent.

(i) H is an observable subgroup in G.
(ii) [P(G)T] =[P(G))".

(iii) The variety G/H is quasi-affine (i.e., isomorphic with an open
subvariety of an affine variety).

Proof. (i)« (ii) follows from Theorem 6.9.

(ii)=-(iii): Since the field [P(G)] is finitely generated over F, the
subfield [P(G)]H of [P(@G)] is finitely generated over F. We therefore
deduce from the relation [P(G)H] = [P(G)]* that there exists a
finitely generated subalgebra A of P(G)™ such that [4] = [P(G)]".
Since P(G)H is locally finite as a right G-module, we may choose
A so that A is stable under the action from the right. Let V(A)
denote the affine variety Homp_q4(A,F) (see §B.2). The variety
V(A) becomes a G-variety, where the (left) action of G on V(A) is
the one induced from the action of G on A from the right. Identifying
G with Homp_q4(P(G),F), the restriction map p : G — V(A) is a
morphism of G-varieties (i.e., equivariant with respect to the actions
of G on G and on V(A)), where the action of the group G on the
affine variety G is by left translations. By Proposition 6.12, the image
of any principal open set in GG under p contains a principal open set
in the variety V(A), and thus the image p(G) contains a nonempty
open subset of V(A). Since G acts on p(G) transitively, p(G) is open
in V(A), and hence it is a quasi-affine variety.
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Since [A] = [P(G)] separates the points of G/H by Proposition
6.4, it follows that A separates the points of G/H. Thus p induces an
injective morphism G/H — V(A), and hence we obtain a bijective
morphism ¢ : G/H — p(G) of G-varieties. We shall show that ¢ is
an isomorphism of varieties by showing its inverse ¢! is a morphism
of varieties. Since p(G) is open in V(A), the field F(p(G)) of rational
functions on p(G) coincides with F(V(A)) = [A]. It follows from
[A] = [P(G)]" that the F-algebra morphism F(p(G)) — F(G/H)
induced by ¢ is an isomorphism, and hence there is a nonempty
open set U of p(G) such that ¢ induces an isomorphism ¢~1(U) — U
(see, e.g., [19], Proposition 4.7, p. 36). Thus ¢! coincides with a
morphism on the open set U, and also on the translates x - U for
every € G. Since G acts on p(G) transitively, ¢! is a morphism.
Now we have an isomorphism ¢ : G/H = p(G) of varieties, and G/H
is therefore quasi-affine.

(iii)=-(i): We assume G/H is quasi-affine, and let G/H be an
open subvariety of an affine variety, X say. We use Lemma 6.8 to
show that H is observable in G. Let f € P(G) be an H-semi-
invariant with weight v : H — F*. Let Z be the set of zeros of f in
G, and let Z(Z) denote the ideal of P(G) consisting of all polynomial
functions vanishing on Z. For y € H and z € Z, we have

flzy) = (y- [)(z) =v(y)f(z) =0,

proving ZH = Z. Let m : G — G/H be the canonical map. From
ZH = Z, we see that 7(G \ ZH) N w(ZH) is empty. Since 7 is an
open map, the set 7(G \ ZH) is open, and its complement 7n(ZH) =
7(Z) is hence closed in G/H. Since f # 0, f(xg) # 0 for some
xg € G. Then 7w(xg) ¢ n(Z), and we may find h € P(G) such that
hZ) = 0, h(xg) # 0. In fact, since 7(Z) is closed in G/H, we
have n(Z) = n(Z)* N (G/H), where 7(Z)* denotes the closure of
7m(Z) in X, and hence mw(x¢) ¢ 7(Z)*. Let v’ € P(X) be such that
u'(m(Z)*) = 0 and u'(7(x0)) # 0, and let u = u'|/z. Then we take
h = u o . Since h is constant on the cosets of H, h € P(G)H,
and h € Z(Z) = \/P(G)f. By Hilbert Nullstellensatz, h™ € P(G)f
for some positive integer n. Thus h"™ = gf for some g € P(G). For
y € H, we have

y-(gf)=y-h"=(y-h)"=h"=gf.
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On the other hand,
y-(f) =W 9 f=W -9/
Hence gf = (y - 9)y(y)f, and g = (y)(y - 9), proving that
y-9=7(y)"'g, Yy € H.

This shows that there exists an H-semi-invariant ¢ € P(G) with
weight v~! : H — F*, and thus H is observable by Lemma 6.8. N

Corollary 6.14 Let G be a connected affine algebraic group. Then
every normal algebraic subgroup N of G is observable in G.

Proof. The variety G/N is affine, and hence the assertion follows
from Theorem 6.13. |

Corollary 6.14 is extended to general (that is, not necessarily
connected) affine algebraic groups. For that purpose, we first review
the induced representation. For any group G, let F[G] denote the
group algebra of G over a field F. Let H be a subgroup of G such
that the index [G : H| < oo, and let W be an H-module with the
corresponding representation p. H-module W may be viewed as an
F[H]-module in a natural way, and hence we form the tensor product

FIG] @pm W,

where F[G] is viewed as an (F[G], F[H])-bimodule. Thus F[G|®gmW
is given the structure of an F[G]-module, and the canonical injection

W — F[G] ®IF[H] w
is a morphism of F[H]-modules. Since [G : H] < oo, we have
dimyp F[G] QF[H] W =[G : Hdimp W < oc.

View the finite-dimensional /'(G)-module F[G]@p ;W as a G-module
in a natural way, and denote it by Ind% (W). The G-module Ind% (W)
is said to be induced by W, and the corresponding representation of
G is called the representation induced by p.

As an F-linear space, we have

Ind§ (W) = F[G] Qg W =t1 @ W & -+ S b @ W,
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where t1,---,t,, is a complete set of left coset representatives of H
in G.

If H is an algebraic subgroup of an algebraic group G of finite
index, and if W is a rational H-module, Ind% (W) is a rational G-
module, and this shows that every algebraic subgroup of an affine
algebraic group of finite index is observable in G.

Theorem 6.15 A normal algebraic subgroup of an affine algebraic
group 1is observable.

Proof. Let N be a normal algebraic subgroup of an affine algebraic
group G, and let W be a rational N-module. Let Gy denote the
connected component of GG that contains the identity. Since NGy
is a subgroup of finite index in G, NGy is observable in G by the
remark preceding Theorem 6.15. Hence our assertion follows as soon
as we have shown that IV is observable in NGg. We may therefore
assume that G = NGy. We view W as a (NN Gp)-module. Since the
normal subgroup N NGy of Gy is observable in G (Corollary 6.14),
there is a rational Go-module U and a monomorphism of (N N Gy)-
modules ¢ : W — U. Since the subgroup Gy is of finite index in G,
the module F|G] ®p|g, U induced by the Go-module U is a rational
G-module. Choose x1,---,x, € N so that they form a complete set
of left coset representatives of Gy in GG, and define

¥ W — Indg (U) = FG] ®pjg,) U

by
dw) = ;@ ¢(z; 'w).

It is clear that 1 is independent of the particular choice of the coset
representatives z;. Moreover, @ is a morphism of N-modules. In
fact, let € N. Then {x~'zq,---, 27 'x,} is also a complete set of
left coset representatives of Gg in NGy, and hence

Y(xw) = Z z; ® ¢(z; 'zw)
i=1
= Z(ﬂj‘_ll'i) ® ¢((x L) " tw)
i=1

= z(w).
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Since ) is injective, the N-module W is embedded into the rational
G-module 1 ndgo (U) as asub N-module, proving that N is observable
in G. [ |

6.3 Extension of Representative Functions

Let G be a faithfully representable complex analytic group, and let
7 : G — A(G) be the canonical map from G into the universal
algebraic hull A(G) (see §2.5). Since G is faithfully representable, 7
is injective, and in this case, we sometimes identify the elements of
G with their images in A(G) under 7. Below (Theorem 6.17) we first
obtain the analytic version of Theorem 6.9. For that, we need

Lemma 6.16 Let G be a faithfully representable complex analytic
group and let L be a closed complex analytic subgroup of G. Let L*
denote the Zariski closure of L in the pro-affine algebraic group A(G).
If L is observable in G, then L* is observable in A(G). Conversely,
if L* is observable in A(G), and if the restriction map R(G) — R(L)
is surjective, then L is observable in G.

Proof. Assume that L is observable in G, and let V be a rational
L*-module. Viewed as an analytic L-module, V is a sub L-module of
an analytic G-module W, and W is, in turn, a rational A(G)-module
(Proposition 2.21). Thus the L*-module V is a sub L*-module of the
A(G)-module W, proving that L* is observable in A(G).

Assume that L* is observable in A(G) and that the restriction
map R(G) — R(L) is surjective. We show that L is observable in
G. We first note that since the restriction map R(G) — R(L) is
surjective, the morphism

A(L) = Homg—ag(R(L),C) — A(G) = Homg—q4(R(G),C)

is an injection, and maps A(L) onto L*. We may therefore identify
L* with the universal algebraic hull A(L) of L. Now let V be a
complex analytic L-module. Then V is a rational L*-module again by
Proposition 2.21, and since L* is observable in A(G), V is a sub L*-
module of a rational A(G)-module W. Thus the analytic L-module
V is then a sub L-module of the analytic G-module W, proving that
L is observable in G. |
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Theorem 6.17 Let L be a closed complex analytic subgroup of a
faithfully representable complex analytic group G. Then the following
are equivalent.

(i) L is observable in G.

(i) [R(G))* = [R(G)'], and the restriction map R(G)—R(L) is
surjective.

Proof. Put A = A(G), and let L* denote the Zariski closure of L in
A. Then P(A) = R(G), and we have

R(G)"" = R(G)"; [R@G)F = [R(G)]". (6.3.1)
(i)=(ii): Assume that L is observable in G. Since the algebraic
subgroup L* is observable in A by Lemma 6.16, we have [P(A)""]
[P(A)]F" (Theorem 6.9), and [R(G)]* = [R(G)*] follows from (6.3.1).
The restriction map R(G)—R(L) is surjective by Lemma 3.5.
(ii)=(): Let [R(G)]* = [R(G)"], and suppose the restriction
map R(G)— R(L) is surjective. Then [R(G)]*" = [R(G)"] by (6.3.1),
and this implies that the algebraic subgroup L* is observable in A
by Theorem 6.9. Thus L is observable in G by Lemma 6.16. |

In light of Theorem 6.17, we shall examine below the extension
property of representative functions of analytic subgroups. Recall
that every faithfully representable complex analytic group G has the
maximum algebraic subgroup, which we denote by M(G) (Theorem
5.16).

Theorem 6.18 Let L be a closed complex analytic subgroup of a
faithfully representable complex analytic group G. Then the following
are equivalent.

(i) The restriction map R(G) — R(L) is surjective.

(i) M(L) = LN M(G), and M(L) is an algebraic subgroup of
M(G).

Proof. Let N = N(G), V = N(L), and choose maximal reductive
complex analytic subgroups H and D of G and L, respectively, so
that M(G) = HN and M(L) = DV (Theorem 5.16). The condition
(ii) in the theorem then becomes L N HN = DV. We put M =
LNHN.
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Assume that the restriction map R(G) — R(L) is surjective.
DV is an algebraic subgroup of GG by Proposition 5.19, and hence
DV Cc HNNL = M. To prove DV D M, we first note that M is
topologically connected. Indeed, the canonical map L/My — L/M,
where M denotes the identity component of M, is a covering map of
L/M. On the other hand, the quotient group LHN/HN is a closed
complex vector subgroup of G/HN as an analytic subgroup of the
vector group G/HN, and L/M = LHN/HN. From this, we see that
L/M is a vector group, and the covering morphism L/My — L/M
is therefore an isomorphism, proving M = M. Since M is a closed
normal subgroup of L such that L/M is a complex vector group, the
restriction map R(L) = R(L,V) — R(M, V) is surjective by Lemma
5.4, and composing this with the surjection R(G) — R(L), we see
that R(G) — R(M,V) is surjective. This, in particular, shows that
R(HN,N) — R(M,V) is surjective. R(HN,N) is the polynomial
algebra of the algebraic group HN (see Remark 5.17), and hence it
is finitely generated. However, by Corollary 5.7, R(M) is not finitely
generated, unless the vector group M/DV is trivial. Hence we must
have M = DV, proving (ii).

Now assume (ii), i.e., M = DV. Since LHN is a closed normal
complex analytic subgroup of G such that G/LHN is a vector group,
the restriction map

R(G) — R(LHN,N)

is surjective by Lemma 5.4. To show that the map R(G) — R(L) is
surjective, it is therefore enough to show that

R(LHN,N) — R(L)

is surjective. We have an isomorphism L/DV = L/M = LHN/HN
of vector groups, and hence we apply Corollary 5.6 to find complex
one-parameter subgroups @1, -, Qs of L such that LHN is written
in successive semidirect products

LHN =Qs---Q1-(HN).
Then L is also expressed in successive semidirect products
L=Qs Q1 (DV),
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and R(L) and R(LHN, N) may be expressed as

R(L) = R(Qs) ® --@R(Q1) ® R(DV,V); (6.3.2
R(LHN,N) = R(Qs) ® - - ®R(Q1) ® R(HN, N). (6.3.3)

The groups DV and HN are algebraic subgroups of the analytic
groups L and G, respectively, in the sense of §5.1 and we have
P(DV)=R(DV,V) and P(HN) = R(HN, N) (Remark 5.17). VD
is an algebraic subgroup of the algebraic group HN by Proposition
5.19, and hence the restriction map

P(HN) — P(DV)
is surjective. Thus the canonical map
R(Qs) ® - ®@R(Q1) @ R(HN, N) — R(Qs) @ - - ®R(Q1) ® R(DV, V)

is surjective, and hence the map R(LHN,N) — R(L) is surjective
by (6.3.2) and (6.3.3). N

6.4 Structure of Observable Subgroups

In this section we state and prove the main result (Theorem 6.20) on
observable analytic subgroups.

Rational Representations of Linear Lie Groups Let B be
a closed complex Lie subgroup of a linear complex algebraic group
@, and let B* denote the Zariski closure of B in Q). A complex
analytic representation p : B — GL(V,C) is called rational if it is
the restriction to B of a rational representation ¢ : K — GL(V,C)
of some algebraic subgroup K of @ that contains B. In this case, p
extends uniquely to a rational representation p* : B* — GL(V,C).
The restriction map P(B*) — R(B) is an injection, and if S denotes
the image of P(B*) under this injection, S is a fully stable subalgebra
of R(B). From now on we identify P(B*) with S, i.e., we view P(B¥)
as a fully stable subalgebra of R(B). Now let B be a closed complex
analytic subgroup of a complex linear algebraic group @, and let p
be a complex analytic representation of B.

Lemma 6.19 p is rational if and only if [p] C P(B*).
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Proof. Assume p is rational, and let p* be a rational representation
of B* such that p*|p = p. Then we have [p] = [p*] C P(B*).
Conversely, assume [p] C P(B*). We are to show that p extends
to a rational representation B* — GL(V,C). The bistable subspace
[p] of R(B) is also stable under A(S) = A(P(B*)) = B* by Lemma
2.11, and this makes [p] a rational B*-module. By Lemma 2.17, the
B-module V may be viewed as a sub B-module of a finite direct sum

of the rational B*-module [p]. Our assertion is equivalent to showing
that V is B*-stable. Choose a basis vy, vs, -+, v, of the linear space
V', and extend this to a basis vy,va, -+, vy, (m > n) of the linear
space W. For each y € B*, we write

Y- v = a1;(y)vr + -+ + ami(Y)Vm,

where ag;(y) € C. W is a rational @-module, and hence the maps
y — ak;(y) (1 < k,i < m) are all rational functions on @. Since V
is B-stable, ai; = 0 on B (and hence also on B*) for all k,i with
n+1<k<m,1<i<n. This shows that V is B*-stable, and proof
of our lemma is complete. [ |

We now state our main result on the observability of analytic
subgroups of faithfully representable groups.

Theorem 6.20 Let G be a faithfully representable complex analytic
group and let L be a closed complex analytic subgroup of G. Then L
1s observable in G if and only if the following conditions are satisfied.

(i) M(L) = LN M(G), and M(L) is an algebraic subgroup of
M(G), and

(ii) M(L) is observable in M(G) (in the category of affine algebraic
groups).

Proof. Let N denote the representation radical of GG, and let H be
a maximal reductive subgroup of G, so that M(G) = HN.

Suppose that L is observable in G. Then we have the surjective
restriction map R(G) — R(L) (Lemma 3.5), and by Theorem 6.18,
M(L) = LN M(G) and M(L) is an algebraic subgroup of M(G),
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proving (i). Now we prove (ii): L N M(G) is observable in M(G).
Let p be a rational representation of L N M (G). Since G is faithfully
representable, G may be viewed as a subgroup of a linear algebraic
group. Let L* denote the Zariski closure of L in this algebraic group.
The normal subgroup M(L) = L N M(G) of L is an algebraic sub-
group of L* by Theorem 5.16, and hence it is observable in L* by
Theorem 6.15. Thus p extends to a rational representation of L*,
and the restriction o of this representation to L is an extension of p.
Now L is observable in (G, and hence ¢ has an extension to a complex
analytic representation, o say, of G. The restriction of & to M(G)
is a rational representation of M(G) (Proposition 5.1), and it is an
extension of p, proving that L N M(G) is observable in M(G).

We now prove that the conditions (i) and (ii) of the theorem are
sufficient. Thus assume that L satisfies the conditions (i) and (ii),
and set M = LN M(G) = LN HN. The subgroup LHN/HN is a
closed (vector) subgroup of G/HN as a complex analytic subgroup
of the vector group G/HN, and hence LHN is a closed normal
subgroup of G and G/LHN is a complex vector group. By Lemma
5.4, every N-unipotent complex analytic representation of LHN is
extendable to a complex analytic representation of G. Therefore
the observability of L in G follows as soon as we have shown the
following:

Proposition 6.21 Any complex analytic representation of L extends
to an N -unipotent complex analytic representation of LHN.

Our proof of Proposition 6.21 is lengthy and is divided into several
parts.

(A) We show that the restriction map R(LHN,N) — R(HN,N)

induces an isomorphism:
R(LHN,N)L = p(HN)M, (6.4.1)

In fact, f € R(LHN,N)" implies flgn € P(HN)M (note that
P(HN) = R(HN,N)), and the map f — f|gn is an injection. To
show it is surjective, let ¢ € P(HN)M, and choose closed complex
1-parameter subgroups Pi,---, P, of L such that L is expressed in
successive semidirect products L = P,--- PLM of the normal sub-
group M with the subgroups Pi,---,P.. Then LHN is written in
successive semidirect products LHN = P,.---Pi-HN. For 1 <i < r,

©2002 CRC PressLLC



we define

by gi(a;---a1z) = g(z) fora; € P; (1 < j <i)and 2z € HN. We
show that
gi € R(P;--- P - HN,N)Fi-PM (6.4.2)

for all 7. For simplicity, we let
By=HN; Agp=M; B;=PF,--PP-HN; A;=PF,--P.-M

for 1 <i <r. Then B;y1; = P,y1 - B; (semidirect product). Assume
gi € R(Bi,N)Ai, and we want to show g;11 € R(B; 1, N)A+1. Note
gi+1 = g; , where g;" (xb) = g;(b), z € Piy1 and b € B} as in Lemma
3.2. Thus our assertion follows from Lemma 3.2 as soon as we have
shown that the space spanned by g; o kK(P;11) is finite-dimensional,
where, for a € P11, k(a) denotes the automorphism of B; given by
b aba=' b € B;. We have g; o k(P;11) C R(B;, N) by Lemma 3.1,
and since P; 1 normalizes A;, the identity

((aya™) - gi) o ka) =y - (gi 0 k(a)) for y € A; and a € Pipy
(see (3.2.2) in the proof of Lemma 3.1) implies
gi 0 k(Piy1) C R(B;, N)4i,
Now the restriction map
R(B;, N)* — P(HN)M

is injective, and therefore to show that the subspace of R(B;, N)%
spanned by g¢; o k(P;4+1) is finite-dimensional, it is enough to show
that its image

QOK(PiH)‘HN

spans a finite-dimensional subspace of P(HN). Since the map
R(G) — P(HN)

is surjective by Corollary 5.5, we can find an element g € R(G) with
glan = g. Now we have

gok(a)lun = (a” -g-a)lan
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for a € Py1. As{a™'-G-a:a € P} spans a finite-dimensional
space, it follows that gok(P;11)|gn spans a finite-dimensional space.
We now have g; 11 € R(Bjy1, N)4+1, and (6.4.2) is obtained by using
induction starting with go = g. Now we have

gr € R(B,, N)* = R(LHN, Nt

and g.|gn = g, establishing that the restriction map is surjective.

(B) By the condition (ii), the algebraic subgroup M is observable in
the linear algebraic group HN. Then P(HN)M separates the points
of the quotient space HN/M.

To see this, let z € HN such that M # M. Since x ¢ M, and since
M is an algebraic subgroup of HN, there exists g € [P(HN)M
such that xg # g by Proposition 6.4. Since M is observable in
HN, [P(HN)M] = [P(HN)]M by Theorem 6.13, and hence there
exists f € P(HN)M such that - f # f. Let y € HN such that
z- f(y) # f(y). Then (f-y)(x) # (f -y)(1), and f -y € P(HN)M
implies that f -y is constant on each coset of M in HN. This shows
that (f - y)(zM) # (f - y)(M), proving that P(HN)M separates the
points of HN/M.

(C) We next show that the algebra R(LHN,N) contains a fully
stable finitely generated subalgebra S such that

(a) S separates the points of LHN, and
(b) S* separates the points of LHN/L.

In fact, the field [P(HN)] of fractions of P(HN) is finitely generated
over C, and hence the subfield [P(HN)|M (= [P(HN)M]) is finitely
generated. There is a finitely generated subalgebra A of P(HN)M
such that [A] = [P(HN)|M. Since P(HN)M separates the points
of HN/M, so does [P(HN)|™ = [A], and hence A separates the
points of HN/M. Consequently, any finite subset, say {f1, -+, fm},
which generates the C-algebra A, must separate the points of HN/M.
Let g; € R(LHN,N)" correspond to f;, for 1 < i < m, under the
isomorphism (6.4.1) of (A). Then g1, - -, gm separate the points of
the coset space LHN/L. Note that R(G, N) contains a finite subset
that separates the points of G, for example, a basis of [¢)], where
1 is any faithful complex analytic representation of . Since the
restriction map R(G,N) — R(LHN, N) is surjective by Lemma 5.4,
we may find elements hq,---,hy € R(LHN, N) which separate the
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elements of LHN. Now we take S to be the fully stable subalgebra
of R(LHN, N) generated by the elements hy,---,hg; g1, gm.
(D) Returning now to the proof of Proposition 6.21, choose a finitely
generated fully stable subalgebra S of R(LHN,N) satisfying the
conditions in (C), and recall that Autryn(S) denote the pro-affine
algebraic group consisting of all proper automorphisms of S (see
§2.3). Since S separates the points of LHN, the canonical map
LHN — Autpgn(S) is an embedding, and, for any subgroup K
of LHN, the image of K under the canonical map is denoted by
Kg. Since HN is the maximum algebraic subgroup of G, (HN)g =
HgNg is Zariski closed in Autrpn(S) (Theorem 5.16). We have a
commutative diagram

A(LHN)

N

LHN — A LHN 5 C AutLHN(S)

On the other hand, the restriction image A(LH N )g of the pro-affine
algebraic group A(LHN) is an algebraic subgroup of Autrpn(S),
and hence

A(LHN)s = (LsHsNs)" = LgHsNs.

Clearly L% C (LEHSNS)SL, and hence
Lg C LN LgHsNg C (LyHgNg)®" N LgHsNg = Ls,

where the equality holds because S” separates the points of LHN/L,
proving
LsHgNg N L*S = Lg.

We then have
LgﬂHsNS = Lg N HgNg, (6.4.3)

and this equality establishes an isomorphism (of algebraic varieties)
¢HsNg/Lg= HsNs/(LgN HsNg) = HN/M.

Since M is assumed to be observable in HN, HN/M is quasi-affine
by Theorem 6.13. Consequently, LEHgNg /L% is quasi-affine, and the
algebraic subgroup LY is observable in the algebraic group LgHgsNg
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again by Theorem 6.13. On the other hand, the identity (6.4.3) also
implies that the injection L — L§ induces an isomorphism

¢s: LHN/L — L5HgNg/L% (6.4.4)

of complex analytic manifolds.

(E) With this preparation, we are ready to prove Proposition 6.21.
Thus let p be a complex analytic representation of L, and we want to
show that p is extendable to an N-unipotent analytic representation
of LHN. Let S be as in (C), and first assume [p] C Si(= P(LY)).
For the sake of simplicity of the notation, we identify LHN with its
image LsHgNg in A(LHN)g. By Lemma 6.19, p is rational, and
hence there is rational representation p* of L* such that p*|p = p. As
we have seen above, L* is observable in L*H N, and thus p* extends
to a rational representation p of L*H N. The restriction of p to LHN
is a desired extension of p.

Next assume that [p] ¢ Sr. Since the restriction map

R(G) — R(L) = R(L,N(L))

is surjective, so is the restriction map R(LHN,N) — R(L,N(L)).
This enables us to choose a finitely generated fully stable subalgebra
T of R(LHN, N) that contains S such that [p] C Tf. Then we have
a commutative diagram

LHN/L —2T . 12 Hy Ny L
L%4HgNs /LY

Since ¢g is an isomorphism of analytic manifolds (6.4.4), it follows
in particular that ¢ is injection, and

L;« N HpNp = Ly
follows. Thus we have an isomorphism of analytic manifolds:
L7HrNr/L3 = HgNg /(L7 N HpNyp) = HN/M.

Moreover, T separates the points of LHN/L, and [p] C Tr. Now
we replace S by the fully stable subalgebra T" and argue as before to
get a desired analytic extension of p to LHN. [ |
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Corollary 6.22 FEvery reductive analytic subgroup L of a faithfully
representable complex analytic group G is observable.

Proof. Since M(L) = L, and L C M(G), and since any reductive

algebraic subgroup of an algebraic group is observable (Corollary
6.7), the assertion follows from Theorem 6.18 and Theorem 6.20. W
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Appendix A

Elementary Theory of Lie
Algebras

For reference we assemble here some basic concepts and results,
mostly without proof, from the theory of Lie algebras that are needed
for our exposition ([2], [20], [21]).

Throughout this section we shall assume that all Lie algebras are
finite-dimensional and over a field F of characteristic 0, unless stated
otherwise.

A.1 Preliminaries

Basic Definitions Let g be a Lie algebra over a field F. For subsets
A and B of g, let [A, B] denote the linear span (over IF) of the set
{(a,b) :a € A, b e B}. gis called abelian if [g,g] = 0. An F-linear
subspace a of g is called an ideal of g if x € g and y € a together
imply [z,y] € a. If a and b are ideals of g, then so are a + b, anN b,
and [a, b]. In particular, [g, g] is an ideal of g, called the derived ideal
of g, and is often denoted by g’. A nonabelian Lie algebra g is called
simple if it has no ideals except itself and 0.
For a subset X of g, the set

Zg(X)={yeg:|y,z] =0forall z € X}

is a Lie subalgebra of g; we call it the centralizer of X in g. We call
Z4(g) the center of g and denote it by Z(g).
Also for a subalgebra b of g, the set

Ng(h) ={z €g:[x,b] C b}
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is a subalgebra of g, called the normalizer of b in g.

Given a finite-dimensional F-linear space V', the linear space
Endp(V) is made into a Lie algebra over F if we define the [, ]
operation by [A,B] = Ao B— Bo A for all A,B € Endp(V). This
Lie algebra is called the general linear Lie algebra of V', and we de-
note it by gl(V,F). The F-algebra Mat, (F) of all n x n matrices over
F is, similarly, made into a Lie algebra gl(n,F).

An F-linear map 6 : g — g is called a derivation of g if it satisfies

6([z,y]) = [0(z), y] + [z, 6(y)]

for all z,y € g. The set Der(g) of all derivations of g is a subalgebra
of the general linear Lie algebra gl(g, F).

Semidirect Sum We define a semidirect sum of two Lie algebras.
Let a and b be Lie algebras over a field F, and suppose p : b — Der(a)
is a morphism of Lie algebras. The F-linear space a b is made into
a Lie algebra by defining the bracket operation [, | by

[(a1,01), (a2, b2)] = ([a1, az] + p(b1)(az) — p(b2)(a1), [b1, ba])

for (a1,b1), (a2,b2) € a®b. The Lie algebra hence obtained is called
the semidirect sum of a by b with respect to p, and is denoted by
ad,b.

Modules over Lie Algebras Let g be a Lie algebra over a field
F. An F-linear space E is said to be a module over g (or simply a
g-module) if there is an F-bilinear map

(x,e)—»z-e: LxE—FE

such that
[zyl-e=z-(y-e)—y-(z-e)

for all z,y € g and e € E. Given a Lie algebra g over F, g-modules
form a category in which morphisms are F-linear maps commuting
with the action of g.

Let V be a finite-dimensional F-linear space. Any representation
p of g on V, ie., any morphism p : g — gl(V,F) of Lie algebras,
induces a g-module structure on V', which is given by

(z,v)—xz-v=px)(v) :gxV =V,

©2002 CRC PressLLC



and, conversely, a g-module structure on V' determines a representa-
tion of g on V in an obvious way.

For x € g, the map y — [z,y] : g — g is a derivation of g, which
we denote by adg(x). Then z — ady(x) defines a representation
ady : g — gl(g,F), which we call the adjoint representation of g.

Invariant Bilinear Form Let g be a Lie algebra over F. An
invariant bilinear form on g is an F-bilinear form 3 : g x g — F such
that

Bz, yl z) + By, [z, 2]) =0

for all x,y,z € g. Suppose V is a finite-dimensional g-module with
the corresponding representation p : g — gl(V,F). The bilinear form

/BPZQXQHF,

defined by
Bo(z,y) =Tr(p(z) o p(y)),

for x,y € g is called the trace form on g associated with p. It is easy
to show that 3, is a symmetric invariant [F-bilinear form on g. The
trace form associated with the adjoint representation of a Lie algebra
g is called the Killing form on g. Thus the Killing form on g is the
bilinear form rg : g x g — [ given by

tg(z,y) = Tr(ad(x) o ad(y))
for z,y € g, and it satisfies the invariance condition
rg([z, 9], 2) + Kg(y, [2,2]) =0 (A1.1)
for all z,y,z € g.

Lemma A.1 IfY is an ideal of g, then Ky is the restriction of kg. B

A.2 Nilpotent and Solvable Lie Algebras

Let g be a Lie algebra over a field F. We define a sequence of ideals
k
g" of g

902913...ng2...

by g° = g, and gF = [gF~1,g*"!] for k = 1,2,---. This sequence is
called the derived series of g. g is said to be solvable if g™ = 0 for
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some integer n > 0. Let t(n,IF) denote the Lie subalgebra of gl(n,F)
consisting of all upper triangular matrices. Then t(n,F) is solvable.
We collect a few properties of solvability as follows.

Proposition A.2 Let g be a Lie algebra over IF.

(i) If g is solvable, so are all subalgebras and homomorphic images

of g.

(ii) If a is a solvable ideal of g such that L/a is solvable, then g is
solvable.

(iii) If a and b are solvable ideals of g, then so is a + b. [ |

As an application of Proposition A.2, we can show that g contains
a unique maximal solvable ideal R in the sense that it contains all
solvable ideals. In fact, by finite dimensionality of g, g contains
a maximal solvable ideal R (i.e., a solvable ideal not contained in
any larger solvable ideal), and if a is any other solvable ideal, then
a + R = R by maximality, or a C R. We call R the radical of g,
and denote it by Rad(g). If g # 0 and Rad(g) = 0, then g is called
semisimple. Clearly a simple Lie algebra is semisimple, and if g is
not solvable, then g/Rad(g) is semisimple.

Define a sequence of ideals gj, of g:

go29012 28k 2

by go = g and gx = [g,9k-1], £ = 1,2,---. This sequence of ideals
is called the descending (or lower) central series of g. If g = 0 for
some integer k > 0, g is called a nilpotent Lie algebra . Since g* C gy,
for all k£ > 0, nilpotent Lie algebras are solvable. The following result
is easy to prove.

Proposition A.3 Let g be a Lie algebra.

(i) If g is nilpotent, then so are all subalgebras and homomorphic
1mages.

(ii) If g/Z(g) is nilpotent, then g is nilpotent.

(iii) If g is nilpotent, then Z(g) # 0. |
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As an example of nilpotent Lie algebras, we consider the subalgebra
u(n, C) of gl(n,F) consisting of all strictly upper triangular matrices.

Given a g-module V with the corresponding representation p, we
say that x € g is nilpotent on V if the linear map p(x) : V. — V' is
nilpotent, i.e., p(z)" = 0 for some integer n > 0. More generally, a
subset S of g is said to be nilpotent on V, if there exists a positive
integer m such that p(5)™ = 0.

Theorem A.4 (Engel) Letg be a Lie algebra overF, and let V # 0
be a finite-dimensional g-module. If every element of g is nilpotent
on V', there existsv € V, v # 0, such that x-v =0 forallx € g. N

As an easy consequence of Theorem A.4, we have

Corollary A.5 Let p : g — gl(V,F) be a representation of g, and
assume each p(x), x € g, is nilpotent. Then there exists a full flag of
subspaces V :

VicVoCc---CcV,=V, n=dimV,

each properly contained in the next, such that the action of g on each
factor Viy1/V;, 1 < i <mn, is trivial. In particular, g is nilpotent on
V. |

Theorem A.6 (Lie) Let g be a Lie algebra over an algebraically
closed field F, and let V #£ 0 be a finite-dimensional g-module. Then
there exists v € V, v # 0, such that v is a common eigenvector for
allx € g. [ |

We list some of the important consequences of Lie’s theorem.

Corollary A.7 Let g be a solvable Lie algebra over a field F, and
let V be a finite-dimensional g-module. Then the derived ideal [g, g]
s nilpotent on V. [ |

Corollary A.8 Let g be a solvable Lie algebra over a field F. Then
the derived ideal [g, g] is nilpotent. ]

Theorem A.9 (Cartan’s Criterion of Solvability) Given a Lie
subalgebra g of gl(V,F), where V is a finite-dimensional linear space
over a field F, the following are equivalent.
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(i) g is solvable;
(ii) Try(zy) =0 forz € g and y € [g, g]. |

Corollary A.10 Let g be a Lie algebra over a field F. If kg(z,y) =0
for all x,y € g, then g is solvable. [ |

A.3 Semisimple Lie Algebras

Recall (§A.2) that a nonzero Lie algebra g is semisimple if Rad(g) #
0. Since the ideals in the derived series of Rad(g) are ideals of g, it
follows easily that g is semisimple if and only if g contains no nonzero
abelian ideals.

For a linear subspace a of a Lie algebra g, define

ot ={z €g:rg(z,a) =0}.

If a is an ideal, then so is a* by the invariance of the Killing form Kg
(see (A.1.1)).

Suppose now that a is an ideal of a semisimple Lie algebra g.
Then we have a N at = (0) by Cartan’s Criterion (Theorem A.9)
applied to a, and this also shows that dim g = dim a + dim a*, from
which we deduce g = a @ a*. Moreover, Rad(a) = Rad(g) Na = (0)
implies that a is semisimple. Thus we have

Proposition A.11 Let a be an ideal of a semisimple Lie algebra g.
Then a is semisimple and g = a ® a'. [ |

If g is semisimple, clearly sy is nondegenerate by Proposition
A.11. On the other hand, if a is an abelian ideal of any g, and if
x € a, then for any y € g, ad(z) o ad(y) maps g into a, and a into
0, so that rg(x,y) = Tr(ad(x) o ad(y)) = 0, i.e., kg(a,g) = 0. Thus
if the Killing form kg is nondegenerate, then a = (0), and since g
contains no nonzero abelian ideal, g is semisimple. This proves

Theorem A.12 A Lie algebra g is semisimple if and only if its
Killing form is nondegenerate. [ |

Theorem A.13 If g is semisimple, then ad(g) = Der(g).
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Proof. Let 6 € Der(g). The map x — Tr(doad(z)) : g — F
is a linear function, and since kg is nondegenerate (Theorem A.12),
there exists an element z € g such that kg4(z,2) = T'r(6 o ad(x)) for
all z € g. We claim: § = ad(z). Let n = 6 — ad(xz). Then, for all
x € g, we have

Tr(noad(z)) = Tr(doad(x)) —Tr(ad(z) o ad(x))
= Tr(doad(x)) — kg(z,2) = 0. (A.3.1)

Now for z,y € g

kg((x),y) = Tr(ad(n(z)) o ad(y))
= Tr([n,ad(z)] o ad(y))
= Tr(noad(x)oad(y)) —Tr(ad(x)onoad(y))
= Tr(noad(x)oad(y)) —Tr(noad(y)ocad(x))
= Tr(noad([z,y])) =0

by (A.3.1). Thus n(x) =0 for all x € g, i.e., § = ad(z). ]

Using Proposition A.11, we can easily show

Theorem A.14 Let g be a semisimple Lie algebra. Then g contains
simple ideals gy, -+, gm such that g =g, ® -+ D gm- |

Corollary A.15 If g is semisimple, then [g,g] = g. |

Let g be a Lie algebra, and let V be a g-module and let p be
the associated representation of g. The g-module V is called simple
(or irreducible) if V' # 0 and V' has no g-modules other than (0)
and V, and it is called semisimple (or completely reducible) if every
g-submodule has a complementary g-submodule.

Theorem A.16 (H. Weyl) If g is a semisimple Lie algebra, then
every finite-dimensional g-module is semisimple. [ |

Levi Decomposition

Theorem A.17 (Levi) Let ¢ : g — b be a morphism of Lie algebras,
and assume that by is semisimple. Then there is a morphism o : h — g
such that p oo = 1. [ |
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Given a Lie algebra g, suppose that g = a&® b, where a is an ideal
of g and b is a subalgebra of g. Then g is isomorphic to the semidirect
sum a @, b, where p : b — Der(a) is given by p(b)(a) = [b,a], b€ b
and a € a. We shall simply say that g is a semidirect sum of the
ideal a and the subalgebra b. Levi’s Theorem above states that g is
a semidirect sum of ker(¢) and a subalgebra isomorphic to b.

We apply the above discussion to the following situation. For
a Lie algebra g, the quotient algebra g/Rad(g) is semisimple, and
hence by Levi’s theorem, g is a semidirect sum of the radical Rad(g)
and a semisimple subalgebra s. s is called a Levi factor (or a Levi
subalgebra) of g, and the decomposition g = Rad(g) ® s is called a
Levi decomposition of g. As we shall see in Theorem A.21 below, any
two Levi factors are conjugate. For the conjugacy theorem we need
the following proposition, which is also used several times in Chapter
4.

Proposition A.18 Let g be a finite-dimensional Lie algebra over a
field F, and let v be the radical of g. Then [g,g] Nt = [g,t]. IfV
is any finite-dimensional g-module, then [g,t] is nilpotent on V' (or
equivalently, if V is a semisimple g-module, then [g,t| acts trivially
onV).

Proof. Let s be a maximal semisimple Lie subalgebra of g so that
we have a semidirect sum g = v+ 5. Then

9,0] = [g,v+5] =[g,t] +[5,5] = [g,v] +5
and it follows that

[g,8] Nt =([g,t] +5)Nt=[g,t]

For the second assertion, let V' be any finite-dimensional g-module.
We may obviously assume that g is a subalgebra of gl(V,F). By
Corollary A.7, [r,t] is nilpotent on V. Suppose the assertion is false,
and choose a maximal F-linear subspace T of [g,t] that contains
[t,t] and that is nilpotent on V. Then T # [g,t], and pick an
element x € [g,t] but + ¢ T. We may assume x = [y, z] where
y € g and z € t. The subalgebra Fy + v of g is solvable, and hence
[Fy + t,Fy + t] is nilpotent on V. In particular, [y, z] nilpotent on
V, and [ly,2]|,T] C [r,t] C T. By Corollary A.5, the subalgebra
Fly, z] + T is nilpotent on V. But this contradicts the maximality of
T. This shows that T' = [g, t], so that [g, ] is nilpotent on V. ]
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Remark A.19 The maximum nilpotent ideal m of g consists of the
elements x € v such that adg(x) are nilpotent. The second assertion
of Proposition A.18, in particular, implies that [g,t] C m. It follows
that the inner derivation adgy(z), for € g, maps t into m. Below we
shall show that any derivation of g maps t into m. [ |

Proposition A.20 Let g be a Lie algebra over a field F, and let ¢
(resp. m) be the radical (resp. the mazimum nilpotent ideal) of g.
Then every derivation of g maps t into m.

Proof. Let § be a derivation of g. We first show that there is a Lie
algebra h over FF that contains g as an ideal of codimension 1 such that
h = g®Fxg for some xp € h and 0(z) = [zg, x| for all z € g. We view
the field F as a 1-dimensional Lie algebra, and let ¢ : F — Der(g) be
the morphism of Lie algebras defined by ¢(a) = ad for a € F. Let b
be the semidirect sum of g and F with respect to the action ¢. Thus,
for (z,a), (y,0) € b, [(z,a),(y,b)] = ([z,y] + ad(y) — bé(x),0). We
identify g with a subgroup of § by means of the canonical injection
x— (x,0):g— b, and let xg = (0,1) € h. Then g is clearly an ideal
of h of codimension 1, and [zg,z] = [(0, 1), (z,0)] = (6(z),0) = d(x)
for all z € g. Let v/ denote the radical of h. By Proposition A.18
and Remark A.19, [h,h] Nt/ = [h,¢], and for all y € [h,v'], ady(y)
is nilpotent. It follows that adg(y) is nilpotent for all y € [h,v'] N g.
This shows that [h,t/] N g is a nilpotent ideal of g, and [h,v']Ng C m.
Now ¢ C v/, and (tr) = [zg,t] C [h,t/]Ng C m. |

By Proposition A.18, ad(z) is nilpotent on g for = € [g, Rad(g)].
Hence exp(ad(z)) € Aut(g), and is given by

—_

m

exp(ad(z)) = Y ()~ (ad(z))",
0

1=

where m = dim g. With this observation, we now state the conjugacy
theorem.

Theorem A.21 (Malcev) Let g be a Lie algebra and let
g = Rad(g) ®s

be a Levi decomposition of g. If t is any semisimple subalgebra of g,
then there exists an element x € [g, Rad(g)] such that exp(adg(x))
maps t into s. In particular, any two Levi factors are conjugate. N
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Reductive Lie Algebras A Lie algebra over a field is called re-
ductive if its adjoint representation is semisimple.

Theorem A.22 Let g be a Lie algebra over a field F. Then the
following are equivalent.

(i) g is reductive;

(ii) The derived ideal [g,g] is semisimple;
(iii) g has a faithful semisimple representation;
(iv) Rad(g) coincides with the center of g.

In this case, g is the direct sum of its center and [g, g].

A.4 Cartan Subalgebras

We continue to assume that the field F is of characteristic 0. Let
V' be a finite-dimensional linear space over an algebraically closed
field F. If ¢ € Endp(V), then V is the direct sum of all subspaces
Va(t) = ker(t — aly )™, where m is the multiplicity of a as a root of
the characteristic polynomial of ¢. Each subspace V,(t) is t-stable,
and t|y, ;) is the sum of al and a nilpotent endomorphism.

Let g be a Lie algebra, and let z € g. We now apply the above
discussion to the map adz(= adgx) : g — g. Thus g is a direct sum
of the ad xz-stable subspaces g,(adz). For a,b € F, we have

[8a(ad @), gp(ad x)] C gotb(ad ) (A.4.1)

and this, in particular, shows that go(adx) is a subalgebra of g.

We also have g = go(adz) ® g*, where g* denotes the sum of
those gq(adx) for which a # 0.

By a Cartan subalgebra of a Lie algebra g over a field F, we mean
a nilpotent subalgebra h that coincides with its own normalizer. To
show g has a Cartan subalgebra, we call an element = € g reqular if
dim go(adx) = min{dim go(ady) : y € g}. Then we have

Theorem A.23 If x is a reqular element of a Lie algebra g over an
algebraically closed field F, then go(adz) is a Cartan subalgebra of g,
and all Cartan subalgebras are obtained in this way. In particular, g
has a Cartan subalgebra. [ |
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Let b be a Lie algebra over an algebraically closed field F, and let
h* = Homp(h,F), the space dual to h. Let V' be a finite-dimensional
h-module with the associated representation p. For v € b*, let V,
denote the subspace of V' consisting of all v € V such that, for all
reb,

(p(x) = y(x)Iy)™(v) = 0,

for some integer m > 0. If V., # 0, then we say v is a weight of the
representation p, and V, is called the weight space corresponding to
the weight . V' is the direct sum of the weight spaces V.

Now let h be a Cartan subalgebra of a Lie algebra g over an
algebraically closed field F of characteristic 0. A weight ~ of the
representation of h on g which is the restriction to h of the adjoint
representation of g is called a root of g with respect to b, and the
corresponding weight space g, is called the root subspace. We note
h = go, and [ga, 93] C gatp for o, B € h*.

Now for semisimple Lie algebras, we have

Theorem A.24 Let b be a Cartan subalgebra of a semisimple Lie
algebra g over an algebraically closed field F, and let A denote the
set of all nonzero roots of g with respect to . Then

(i) b is abelian;
(ii)) dimg, =1 for each a € A;

(iii) g=b® > ,ca a (direct sum).

A.5 Campbell-Hausdorff Formula

K denotes either R or C throughout this section. We introduce a local
Lie group structure in a neighborhood of 0 in a (finite-dimensional)
Lie algebra over K by means of the Campbell-Hausdorff series. For
a detailed discussion, see, e.g., [2] (Chap. II) or [10] (Chapter X).

Campbell-Hausdorff Series The Campbell-Hausdorff series in
the variables z,y is a formal power series z(z,y) in two noncommut-
ing variables x and y, given by

Z(xz,y) = log(expx -expy)
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S

k=t ’ plziﬁ]:;)o e

= (—1)kt Pyl ... gPryd
B ; k Z pila! - prla!

where the summation in the second sum is taken over all possible
collections (p1,---,pk,q1,- -+, qx) of nonnegative integers subject to
the conditions

p1+q1 >0, pryqr > 0.

For any positive integer n, we let

n
(_1)k_1 ;L‘plyql . a’:pk:qu
CRVEDY > :

la1! - - pula)
= K pila!- - prlay!

where the integers p; and ¢; in the second summation satisfy the
additional condition

PLt APt @t g =

Then z,(z,y) is the homogeneous component of total degree n so
that we have

Z({L’,y) = Z Zn(xry)'
n=1

For example, we have

z2(zy) = z+y

1 1
2(x,y) = 2%y — YT
(5.0) 12+12+12+121 1
z3(T = —X —Yyx —X — X — —TrTYyr — —=yxy.
3(z,y Y 15y AR GIYT — GyTy

We now consider the K-algebra K{z,y} of polynomials over K
in the noncommuting variables z and y. The associative K-algebra
K{x,y} becomes a Lie algebra over K if we define [ , | by

f.9l=f-9-9-f

for f, g € K{z,y}. Let L{z,y} denote the Lie subalgebra of K{z, y}
that is generated by x, y (i.e., the smallest Lie subalgebra of the Lie
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algebra K{z,y} that contains x and y). Note that every element
of L{x,y} is a polynomial obtained starting from = and y by the
operations of addition, multiplication by the elements of K, and the
bracket operation [ ]. It is known that each z,(x,y) € L{x,y}. For
example, we have

z1(z,y) = z+vy
22($,y) = %[‘Try]
1 1
ZS(xay) = E[xﬂ [IL’,yH +E[y7 [y,(lf]]

In general, there is an explicit formula for z,(z,y) using the
bracket [ | in L{x,y}.

Local Lie Groups Defined on Lie Algebras Now let g be a Lie
algebra over the field K. The K-bilinear map

(X,)Y)—[X,Y]:gxg—g

is continuous with respect to a Euclidean norm, and there is a norm
| | on g such that
X, Y]] < [X|]Y]

for X,Y € g. We fix such a norm in the sequel.

For X,Y € g, let 2,(X,Y) be the element of g obtained from the
homogeneous component z,(z,y) of the Campbell-Hausdorff series
by substituting X and Y for & and y, respectively, and we then
interpret the bracket operation in K{x,y} as the bracket operation
in g. Then we have

Proposition A.25 If XY € g, the series Y .- | zn(X,Y) converges
whenever | X |+ Y| < log 2. |

This proposition shows that there exists a neighborhood of 0 in
g on which the series

D z(X,Y)
n=1

converges absolutely. The series z(X,Y) = > 7, z,(X,Y) is called
the Campbell-Hausdorff (C-H) series for the Lie algebra g. If we write
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X oY for z(X,Y), then the multiplication (X,Y) — X oY defines a
local K-analytic group on an open neighborhood of 0 in g, for which
0 is the identity element and —X is the inverse element of X. This
multiplication is called the Campbell-Hausdorff multiplication.

By a local K-analytic group we mean a K-analytic manifold X
together with a distinguished element 1 € X, an open neighborhood
U of 1in X, and a pair of K-analytic maps

(x,y) —oy:UxU — X;

z—x 1 U—-U
satisfying the following properties:

(i) There exists a neighborhood V; of 1 in U with z1 = = = 1z for
x €V,

(ii) There exists a neighborhood V of 1 in U with xz™1 =1 =271
for x € Vo,

(iii) There exists a neighborhood V3 of 1 in U such that z(yz), (zy)z
are both defined and x(yz) = (xy)z for x, y, z € V3.

In this case, 1 is called the identity element of the local group and
2~ the inverse of x.

Suppose now that g is a Lie algebra of an analytic group. The
C-H series gives a direct relationship between the Lie algebra of a
group and the local structure of that group. For the proof of the
following theorem, see [10] (Theorem 3.1, p. 112).

Theorem A.26 Let G be a real analytic group with Lie algebra g.
Then there exists a neighborhood W of 0 in g such that the map

(X,)Y)—= XoY WxW —g
1s defined, and satisfies
exp(X oY) = (expX)(expY),

for X, Y eW. |
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Appendix B

Pro-affine Algebraic
Groups

Some basic definitions and properties of pro-affine algebraic groups
are summarized here. For more details consult [14].

B.1 Hopf Algebras

Throughout this section, IF will denote a field of characteristic 0.
We first recall that an F-algebra may be defined as a triple (A, u, u)
consisting of an [F-linear space A, together with F-linear maps

Hw:AA— Aandu:F — A,

called the multiplication and the unit of A, respectively, such that
the following two diagrams

I®pu

ARA®A AR A
u®IJ {M

and

Fo A8 4 e Al8% o F

|

\ H /
|
A (B.1.2)
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are commutative.

Note that the first diagram indicates the associativity of u, and
the second diagram shows the unitary property of A, where the maps
F® A— A and A ® F — A are the natural isomorphisms. If
(A, p,u) and (A', 1/, u') are F-algebras, a morphism of F-algebras
¢ : A— A’is an F-linear map such that the diagrams

A®A 89, A @A
| &
A 5 o (B.1.3)
and
A ? Al
N
F (B.1.4)

are commutative. That an F-algebra morphism is a map preserving
the product as well as the identity is stated as the commutativity of
the two diagrams above.

Formal dualization of this definition yields the notion of an F-
coalgebra. Thus an F-coalgebra is a triple (C,~,¢) consisting of an
F-linear space C' together with F-linear maps v: C — C® C and c:
C — F called the comultiplication and the counit of C, respectively,
such that the following diagrams are commutative.

C i CeC

7{ \7@1
B.1.5
C®C L CeC®C ( )
and
F®OC - C®O 5 COF (B.1.6)

Given F-coalgebras (C,~, c) and (C',+/, ¢ ), a morphism of coalgebras
a: C — (" is an F-linear map such that the following diagrams
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B.1.7
CoC—(gaCaC ( )
and
F
o N
o _ o (B.1.8)

are commutative.

For an F-algebra (A, pu,u), and an F-coalgebra (C,~,c), the F-
linear space of all F-linear maps C' — A is denoted by Homp(A,C).
For ¢, 1 € Homp(A, C), define ¢ x 1 to be the composite:

CLoowCc® A Al A (B.1.9)

The map
(p,9) = o=t

defines an associative binary operation on Homp(A,C), called the
convolution, and with this product Homp(A, C') becomes an F-algebra
for which the map wu o ¢ is the identity element.

An F-algebra (B, p,u) which is also an F-coalgebra (B,~,c) is
called an F-bialgebra if -y and ¢ are morphisms of F-algebras (or equiv-
alently, if u and u are morphisms of F-coalgebras).

Let H = (H, u,u;7,c) be an F-bialgebra. With A = H = C, the
convolution product of (B.1.9) is defined on Homy(H, H), with which
Homp(H, H) becomes an F-algebra. If the identity map Iy : H — H
has an inverse with respect to the convolution product, the inverse
of Iy is called the antipode of the bialgebra H. An F-bialgebra H
with an antipode is called a Hopf algebra over F. If a bialgebra has
an antipode, it is unique, and we denote it here by 1. Remembering
that w o ¢ is the identity element, the defining property of 7 is

po(n@Ig)oy=uoc=po Iy ®@n)o-r. (B.1.10)

Group of F-algebra Homomorphisms Let H = (H, u,u;7,c¢)
be an F-bialgebra, and view the field F as an F-algebra in a natural
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way. Then the convolution of (B.1.9) is defined on Homy(H,F), and
is given by
prY=mo(p@i)oy,

for p,1» € Homp(H,F), where m denotes the field multiplication
F®F — T, which is an F-linear isomorphism. With this convolution,
Homy(H,F) becomes an F-algebra, in which the counit ¢ becomes
the identity element. Suppose now that H is a Hopf algebra with the
antipode 7. Then every F-algebra morphism ¢ : H — F is invertible
in the algebra Homp(H,F), with its inverse ¢ o 7. In fact, we have,
using the commutativity of (B.1.3),

¢px(pon) = mo(p®(pon))oy
= mo(¢®¢)o(lm@n)oy
= ¢opo(lg®n)oy
= ¢o(uoc) by (B.1.10)
= (pou)oc=Ipoc=c.
Using the fact that the comultiplication ~ is a morphism of F-
algebras, we can show directly that if ¢,¢ € Homp_q4(H,F), then
@ * 1 € Homp_qqe(H,F). Thus for any Hopf algebra H, the set

Homyg_q4(H,F) consisting of all F-algebra morphisms H — F forms
a subgroup of the group of units in the algebra Homp(H,T).

B.2 Pro-affine Algebraic Groups

From here on, we assume that the field [ is algebraically closed and
of characteristic 0, although some of the stated results may be true
more generally.

Pro-affine Algebraic Varieties A pro-affine algebraic variety over
F is a pair (V, A), where V is a set and A is an F-algebra of F-valued
functions on V, satisfying the following conditions.

(i) A separates the points of V, i.e., given z, y € V with = # vy,
there exists f € A such that f(z) # f(y);

(ii) Every F-algebra homomorphism A — T is the evaluation map
x° at an element z € V:

frflx):A-F.
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The conditions mean that the canonical map
x—a°:V — Homp_qqe(A,TF)

is the bijection.

If Ais, in addition, finitely generated, (V, A) is the usual structure
of an affine algebraic variety . Given a pro-affine algebraic variety
(V, A), the elements of A are called polynomial functions on V| and
A is called the polynomial algebra of V. Usually the algebra A of
all polynomial functions on V', which is denoted by P(V), is usually
omitted.

Given two pro-affine algebraic varieties (U, A) and (V, B), a map
a : U — Vis called a polynomial map if the map f — f o« (called the
comorphism of «) takes B into A. The pro-affine algebraic varieties
form a category in which morphisms are polynomial maps. This
category has a finite product. To describe this, let (U, A) and (V, B)
be affine algebraic varieties. Then the elements of A ® B can be
viewed as functions on U x V in such a way that we have

(f ®@g)(u,v) = f(u)g(v),

feA geB,uelU,andv e V.

A pro-affine algebraic variety V may be viewed as a topological
space, the topology being the Zariski topology in which a closed set
is the set of zeros of subsets of P(V).

Pro-affine Algebraic Groups Suppose a group G is given with
the structure of a pro-affine algebraic variety. If the multiplication

(,y) —2y:GxG—G

and the inversion
r—z GG

are morphisms of pro-affine algebraic varieties, we call G a pro-affine
algebraic group over F .

Let G be a pro-affine algebraic group. The polynomial algebra
P(G) is a sub Hopf algebra of Rp(G), or equivalently P(G) is a
fully stable subalgebra of Rp(G) (cf. Proposition 2.10). In fact, if
x € G, the morphism p, : G — G, given by p,(y) = yz, induces the
comorphism p¥ : P(G) — P(G), and hence = - f = pi(f) € P(G)
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for all f € P(G). This shows that P(G) is left stable. Similarly, we
show that P(G) is right stable. We now show that P(G) C Rr(G).
Let f € P(G) and let B be the subspace of P(G) that is spanned by
the translates G - f. We need to show that B is finite-dimensional.
We may assume that f # 0. The multiplication m : G x G — G
induces the comorphism

m* : P(G) — P(G) @ P(G).

Let .
m*(f) =6 ®h;,
i=1

where g;, h; € P(G).
For any z,y € G, we have

flay) = gi(a)hily),
=1

and hence .
y-f=> hi(y)g
i=1

for y € G. This relation shows that B is a subspace of the linear span
of the g;, 1 < i < n, and hence B is finite-dimensional. Moreover, the
comorphism i* : P(G) — P(G) induced by the inversion i : G — G
maps each f € P(G) to f’, and hence we see that P(G) is a fully
stable subalgebra of Rp(G).

The discussion above enables us to define a pro-affine algebraic

group over F as a pair (G, A), where G is a group and A is a sub
Hopf algebra (i.e., fully stable subalgebra) of Rp(G), satisfying

(i) A separates the points of G;

(ii) every F-algebra homomorphism ¢ : A — F is the evaluation at
an element = € G.

If (G, A) and (H, B) are pro-affine algebraic groups, a homomor-
phism ¢ : G — H is called a rational homomorphism if it is a polyno-
mial map. Pro-affine algebraic groups form a category in which mor-
phisms are rational homomorphisms. If ¢ : G — H is a morphism of
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pro-affine algebraic groups, then the comorphism ¢* : P(H) — P(G)
is a morphism of Hopf algebras.

A (Zariski) closed subgroup K of a pro-affine algebraic group G
is called an algebraic subgroup of G. The restrictions of the elements
of P(G) to an algebraic subgroup K make up the algebra P(K)
of polynomial functions on the algebraic subgroup K, and P(K) is
isomorphic with P(G)/Z(K), where Z(K) denotes the annihilator
of K in P(G), i.e., the ideal of P(G) consisting of all f such that
f(z) =0for all z € K. For any ideal J of P(G), let Z(J) denote the
annihilator of J in G = Homp_qe(P(G),F). If K is any subgroup of
G, then Z(Z(K)) is a Zariski closed subgroup of G that contains K
as a dense subgroup. We call Z(Z(K)) the algebraic hull of K. This
is the smallest algebraic subgroup that contains K.

Proposition B.1 Let G be a group, and for a fully stable subalgebra
S of Rr(G), we define G(S) = Homp_q14(S,F). Then G(S) is a group
under the convolution (see §B.1). If every element f € S is viewed
as an F-valued function on G(S) by evaluation:

f(x) = x(f)? T € g(S)7

then (G(S),S) becomes a pro-affine algebraic group. ]

If G is a pro-affine algebraic group, and if S is a fully stable
subalgebra of P(G), then the canonical map ¢ : G — G(S) that
sends each x € G onto the evaluation of S at = is a morphism of
pro-affine algebraic groups, and its image is Zariski dense in G(.5).

Proposition B.2 Let G be a pro-affine algebraic group over a field
F. For a left stable finite-dimensional subspace V' of P(G), we define
¢:G— GL(V,F) by ¢(x)(f) =x-f, f € V. Then ¢ is a morphism
of pro-affine algebraic groups.

Proof. For g € V and a F-linear function A on V, define
Mg :GL(V,F) - F

by
(Mg)(B) = A(B(g)), B € GL(V,F),
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and for x € G, let 2’ denote the linear function g — g(z) : V — F.
Choose a basis hy,---,hy, of V, and let xq1,---,x,, € G such that
hi(z;) = &;; (Lemma 2.7). Then i, --,x}, is a basis of V* which is
dual to the basis hy,- -, hy. The polynomial algebra P(GL(V,TF))
is generated by the functions A\/f, A € V* f € V, together with
%, where D denotes the determinant function GL(V,F) — F. Since
the map (A, f) — A/f is F-bilinear on V' x V*, the elements z/h;
together with & generate P(GL(V,F)). To show that ¢ is rational,
it is therefore enough to show that the elements (2 /h;)o ¢ and % 0

belong to P(G). Indeed, for z € G, we have
(@i/hy) o d(x) = wi(¢(x)(hy)) = (z - hy)(w:) = (hy - z1) (@)

and 1 )

N = — = D -1 — D

D © ¢(ﬂj) D o) ¢(33) (33 ) o L($)7
where ¢ : G — G is the inversion map. Since h; - x;, Do e P(G),
we have (z}/hj) o ¢, 5o ¢ € P(G). |

Pro-affine Groups as Projective Limits of Affine Groups
Let {X;, i € I} be a family of topological spaces X;, indexed by
a directed set I, and assume that, for any pair i,7 € [ with i < j,

there is a continuous map ) : X; — X; such that 7712-' is the identity

J
%

with ¢ < 7 < k. Then the family (Xi,ﬂ'g) of the spaces X; together
with the maps Wg is called a projective system of topological spaces.

An affine algebraic group G may be given with a Tj-topology
whose closed sets are the unions of finite families of cosets x H, where
x ranges over G and H ranges over the family of algebraic subgroups
of G. This is called the coset topology of G. With respect to the
coset topology, G is compact and every morphism of affine algebraic
groups is continuous, and is even closed (i.e., maps a closed set to a
closed set).

We make use of this topology in the application of the following
lemma (see [14]).

map on X; for each i € I, and that Wf = o 775? whenever 4,5,k € I

Lemma B.3 Let (X, 775) be a projective system of compact Ty spaces.
If each map 7 : X; — X; is closed, then the projective limit X =
lim X; is nonempty. Moreover, if, for some fized i, 7 is surjective

for all j > i, then the natural projection X — X; is surjective. [ |
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Let G be a pro-affine algebraic group, and, for two finitely gen-
erated fully stable F-subalgebras S and T' of P(G) with S C T, the
restriction map hl : G(T) — G(9) is a surjective morphism of affine
algebraic groups. Moreover, if R is a finitely generated fully stable
subalgebra of P(G) with R C S C T, then h, = b3, oh’ holds. Thus
we have a projective system of affine algebraic groups (G(T'), hl),
where T ranges over all finitely generated fully stable subalgebras
of P(G). Let @Q(T ) denote the projective limit of the system

(G(T), hL). The restriction maps G — G(T) for various T define a
canonical isomorphism

G =1im G(T). (B.2.1)

In fact, the map is clearly a homomorphism, and it is an injection
since P(@) is the union of all finitely generated fully stable subalge-
bras T'. To show that the map is surjective, let

z = (zr)r € lim G(T),

and define ¢ : P(G) — F by o(f) = 2r(f), where T is a finitely
generated fully stable subalgebra of P(G) that contains f. If S is
another finitely generated fully stable subalgebra that contains f,
then

2r(f) = zsnr(f) = zs(f).

Thus ¢ is well defined, and ¢ € G(P(G)) = G corresponds to z.
This proves that the canonical map G — lim G(T') is surjective. By

Lemma B.3, the canonical maps G — G(T') for various T are all
surjective.

Recall that if ¢ : G — H is a morphism of affine algebraic groups,
then ¢(G) is an algebraic subgroup of H. We shall extend this to
the pro-affine case. For this we first establish the following extension
theorem.

Theorem B.4 Let G be a pro-affine algebraic group. If S is any
fully stable subalgebra of P(G), the canonical map ¢ : G — G(S5) is
surjective.

Proof. First assume G is an affine algebraic group, i.e., P(G) is
finitely generated. Since our assertion holds for the affine case, we
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may assume that S is not finitely generated. Let o € G(S). For any
finitely generated fully stable subalgebra R of S, the restriction map
¢r : G — G(R) is surjective, and hence

Zr ={z € G: ¢r(x) = o}

is nonempty. Moreover, Zp is an algebraic subset of G (in fact, it
is the coset xker(¢r), where x € Zg), and if Ry and Ry are finitely
generated fully stable subalgebras of S, then Zr, r, C Zr, N Zg,.
Thus the family of the Zr has a finite intersection property, and
hence (\p Zr is nonempty by the compactness of G' in the Zariski
topology. If x € (i Zr, then ¢(x) = o, since S is the union of the
family of the finitely generated fully stable subalgebras R’s, proving
the assertion in this case.

Now we assume that G is an arbitrary pro-affine algebraic group,
and we write G = @Q(T ) as in (B.2.1). If every algebraic group

G(T) is given the coset topology, the maps hg are all closed. Let
o € G(S), and, for any finitely generated fully stable subalgebra
T C P(G), let X7 denote the set of all z € G(T') such that orng =
h%ﬁm g(z). By the first part of our proof, the assertion is true for the
affine case, and the canonical map G(T) — G(S NT) is therefore
surjective. This, in particular, implies that Xt is nonempty, and it
is a coset of the algebraic subgroup ker(hl ) in G(T). Moreover,
if T C R, then h(Xg) C Xr. We may now apply Lemma B.3 to
the projective system (X7, h%) to conclude that @XT is nonempty.

Since lim X7 C im G(T') = G, there is an element x € G that corre-

sponds to o, proving our assertion. |

Now we are ready to present the following result which is well
known for the affine groups.

Theorem B.5 If ¢ : G — H is a morphism of pro-affine algebraic
groups, then ¢(G) is an algebraic subgroup of H.

Proof. Z(Z(¢(G))) is the Zariski closure of ¢(G), so that we must
prove that Z(Z(¢(G))) = ¢(G). Let z € Z(Z(¢(G))) € H. Since
Z(#(G)) is the kernel of the comorphism ¢* : P(H) — P(G), and
since = annihilates Z(¢(G)), x induces an algebra homomorphism
¢*(P(H)) — F. By Theorem B.4, this extends to an element y € G,
and we have © = ¢(y), proving = € ¢(G). [ |
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Normal Subgroups and Quotient Groups Let G be a pro-
affine algebraic group and let N be a normal algebraic subgroup of
G. The N-fixed part P(G)YN of P(G) is a fully stable subalgebra of
P(G), and the group G(P(G)") may be identified with the quotient
group G/N. Thus G/N is a pro-affine algebraic group with P(G)V
as its polynomial algebra.

Let N and K be algebraic subgroups of a pro-affine algebraic
group GG with N normal in G, and assume that G = K - N is a
semidirect product. We obtain a tensor product decomposition of
P(G) as follows. The restriction images P(G)g and P(G)y are
the polynomial algebras of K and N, respectively. The inclusion
P(G)N c P(G), composed with the restriction map P(G) — P(G)k,
is an isomorphism of F-algebras. Next, let 7 : G — N be the pro-
jection. If f € P(G)n, then f o is left K-fixed, and hence the
map f ~ f o defines an isomorphism P(G)y — P(G)¥ with its
inverse being the restriction morphism P(G)® — P(G)y. Then the
multiplication (f,g) — fg : P(G)N x P(G)X — P(G) defines an

isomorphism
P(K)® P(N)= P(G)N - P(G)F = P(Q),

where P(N) = P(G)n and P(K) = P(G)k are canonically isomor-
phic with P(G)X and P(G)", respectively, as described above.

We say that a pro-affine algebraic group G is connected (or ir-
reducible) if P(G) is an integral domain. The opposite extreme is
the notion of a pro-finite algebraic group. We say that a pro-affine
algebraic group G is pro-finite provided that P(G) coincides with the
union of the family of finite-dimensional fully stable subalgebras, so
that G is the projective limit of a system of finite groups. Every pro-

affine algebraic group G has a normal connected algebraic subgroup
Gy of G such that G/Gy is pro-finite.

Unipotent Subgroups Recall (§2.1) that, for an abstract group
K, a representation p : K — GL(V,F) (and the corresponding G-
module V') is called unipotent if the set of endomorphisms p(x) — 1y,
with z € K, is nilpotent on V, or equivalently, if each p(x) — 1y is
nilpotent (Theorem 2.4).

Let G be a pro-affine algebraic group over F. A subgroup H
of GG is called unipotent if, for every finite-dimensional left G-stable
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subspace V' of P(G), the representation of H by left translations on
V' is unipotent. We have

Proposition B.6 For a subgroup H of a pro-affine algebraic group
G, the following are equivalent.

(i) H is unipotent;

(ii) The restriction to H of every rational representation of G is
unipotent.

Proof. (i)= (ii): Given a rational representation p: G — GL(V,F)
of G, [p] is a bistable finite-dimensional subspace of P(G). Since we
assume that H is unipotent, the restriction to H of the representation
of G by left translations on [p] is unipotent. Now by Lemma 6.5 the
left G-module V' associated with p may be embedded as a submodule
into the G-module [p] @ --- @ [p] (dimp(V)-times). Since the action
of H on [p|®--- @ [p] is unipotent, it follows that the action of H on
V is also unipotent, proving (ii).

(ii)= (i): Suppose that V' be a finite-dimensional left H-stable
subspace of P(G). Then there is a finite-dimensional left G-stable
subspace W of P(G) that contains V. Then the restriction to H of
the representation of G by left translations on W is unipotent by
(ii), and hence the action of H on V is also unipotent, and H is
unipotent. |

There exists a normal unipotent subgroup of G, which is maximal
in the sense that it contains every normal unipotent subgroup of G.
This subgroup is denoted by G, and is called the unipotent radical of
(. Since the closure of a unipotent subgroup of G is again unipotent,
it follows that G, is an algebraic subgroup of G.

Proposition B.7 If ¢ : G — H is a surjective morphism of con-
nected pro-affine algebraic groups, then ¢(Gy) = H,,. [ |

Decomposition of Pro-affine Algebraic Groups Let G be a
pro-affine algebraic group G. A subgroup H of G is called reductive
if its representation by left translations on P(G) is semisimple. From
the definitions, it is clear that a subgroup H of G is reductive if and
only if the restriction to H of every rational representation of GG is
semisimple. Just as for affine algebraic groups, we have the following
decomposition theorem.
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Theorem B.8 ([14], Th. 3.3) Let G be a pro-affine algebraic group.
There is a reductive algebraic subgroup K of G such that G is the
semidirect product G, - K. Moreover, if L is any reductive subgroup
of G, then there is an element t € [G, Gy] such that tLt ' C K. W

Let G be a pro-affine algebraic group, and let A = P(G). An
element f € A is called a semisimple element if the representation
of G by left translations on the G-stable subspace spanned by G - f
is semisimple. Following the same argument as in §2.7, we see that
the semisimple elements in A form a fully stable subalgebra A, of A.
Then we have A; = A%, In fact, if f € A, then the restriction to
the normal subgroup G, of the action of G on V; is semisimple. On
the other hand, the action of G, on V} is unipotent by Proposition
B.6. Thus the action of G, on V; is trivial, i.e., f € A« proving
that A, ¢ A%+, Now in order to show A%+ C A, let K be a
maximal reductive algebraic subgroup so that G has a semidirect
decomposition G = Gy, - K. Let f € A%. Then the action of G, on
Vy is trivial, while the action of K on V; is semisimple. Thus V} is
a semisimple G-module, i.e., f € Ay, and A%+ C A, is proved.

Proposition B.9 If G is a pro-affine algebraic group, then G, is
exactly the fixer of P(G)s in G.

Proof. Clearly G, is contained in the fixer of P(G)s in G. Now we
show that the fixer of P(G); is contained in G,,. Let K be a maximal
reductive algebraic subgroup of G so that G = G, - K (semidirect
product), and let 7 : G — K be the projection. Then 7 is rational,
and hence P(K)om C P(G), or equivalently, P(G)on C P(G). Since
G, is normal in G, it is clear that P(G)om C P(G)%* = P(G),. Now
suppose z € G fixes all f € P(G). For all f € P(G), we have

f(m(2)) = 2(fom)(1) = (f o m)(1) = f(1),

and hence 7(z) = 1, proving that z € G,. [ |
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